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COHOMOLOGICAL LOCALIZATION FOR TRANSVERSE LIE ALGEBRA
ACTIONS ON RIEMANNIAN FOLIATIONS
YI LIN AND REYER SJAMAAR
Abstract. We prove localization and integration formulas for the equivariant basic
cohomology of Riemannian foliations. As a corollary we obtain a Duistermaat-
Heckman theorem for transversely symplectic foliations.
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1. Introduction
Most of the recent advances in our knowledge of Riemannian foliations, such
as the index theorems of Brüning et al. [9] and Gorokhovsky and Lott [16], and
the cohomological localization formulas of Töben [31] and Goertsches et al. [14],
build on the structure theory developed by Molino in his monograph [27]. The
central feature of this structure theory is that the leaf closures of a Riemannian
foliation, in sharp contrast to those of a general foliation, form a singular foliation.
This leaf closure foliation possesses a type of “internal” symmetry in the shape
of a locally constant sheaf of Lie algebras of vector fields, known as the Molino
structure sheaf or centralizer sheaf, which acts transversely on each leaf in such
a way that the orbit of the leaf is the closure of the leaf. A Killing foliation is a
Riemannian foliationwhose centralizer sheaf is globally constant, inwhich case it is
automatically abelian. The Goertsches-Nozawa-Töben cohomological localization
formulas hold in the setting of Killing foliations. They are integration formulas for
differential forms that are basic with respect to the foliation and equivariant with
respect to the Molino centralizer algebra.
Many Riemannian foliations possess additional, “external” Lie algebras of sym-
metries that commutewith theMolinocentralizer sheaf, and thegoal of thispaper is
to extend the cohomological localization formulas to thiswider class of symmetries.
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Ourmain results are two localization theorems, a contravariant Borel-Atiyah-Segal
version, Theorem 5.3.1 (which resolves a problem posed in [14]), and a covariant
Atiyah-Bott-Berline-Vergne version, Theorem 6.3.2. An immediate consequence of
these theorems is a Duistermaat-Heckman theorem for the transversely symplectic
case, Theorem 6.3.3. We postpone further applications of our theorems to a sequel
to this paper.
One of our subsidiary results is an equivariant Thom isomorphism theorem for
the de Rham complex of a foliated vector bundle, Theorem 4.2.1, which extends
work of Töben [31]. Instead of modifying the proof given by Bott and Tu [6, § 6], we
found it quicker to adapt Atiyah’s slick proof of Bott periodicity [2] to differential
forms. Another auxiliary result is an algebraic theorem, Theorem A.6.3, which is a
version of H. Cartan’s theorem relating equivariant and basic differential forms on
a principal bundle, andwhich improves on results of Guillemin and Sternberg [17]
and Goertsches and Töben [15].
Lie algebras in this paper act on foliated manifolds not as true vector fields, but
as transverse vector fields, which are equivalence classes of vector fields. Because
of this one cannot form an action Lie algebroid in the usual way. However, there is
a way of amalgamating the Lie algebra with the foliation to create what we call the
transverse action algebroid. Just like action algebroids and foliation algebroids,
transverse action algebroids are always integrable (Proposition 2.2.2). Although
this fact plays no further role in the paper, we have included it because it may
offer an approach to cohomological localization formulas for foliations other than
Riemannian, to which the Molino structure theory does not apply. Namely, the
equivariant basic de Rham complex is a subcomplex of the much larger simplicial
de Rham complex of any Lie groupoid integrating the transverse action algebroid,
the properties of which remain to be explored.
A notation index is provided in Appendix C.
2. Preliminaries
All manifolds in this paper will be smooth (C∞) and paracompact and all vector
fields and foliations will be smooth. In this preliminary section we start by re-
viewing some elementary foliation theory, largely for the purpose of introducing
notation. See also Appendix C for a notation index. Then we recall the notion of
a transverse Lie algebra action on a foliated manifold. This is not a Lie algebra
action on the manifold, but should be thought of as amodel for a Lie algebra action
on the leaf space of the foliation. We introduce a certain integrable Lie algebroid
associated with a transverse action, which we call the transverse action Lie algebroid,
andwhich does not seem to have appeared in the literature before. Next we review
Goertsches and Töben’s equivariant basic de Rham complex. The algebraic under-
pinnings of this complex are explainedmore extensively in AppendixA. Finally we
summarize the theory of basic characteristic forms of foliated principal bundles.
2.1. Foliations. Let M be a manifold and let F be a foliation of M. We denote
by F (x) the leaf through x ∈ M, by TxF the tangent space to the leaf at x, and
by TF the integrable subbundle of TM tangent to F . We call a subset X of the
manifold F -invariant or F -saturated if for every x ∈ X the leaf F (x) is contained
in X. The normal bundle of the foliation is the vector bundle NF  TM/TF over
M. A smooth map f : M → M′ to a second foliated manifold (M′,F ′) is said to
be foliate if it maps each leaf of F to a leaf of F ′, i.e. f (F (x))  F ′( f (x)) for all
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x ∈ M. Thus f is foliate if and only if the tangent map T f : TM → TM′ maps
TF to TF ′. The tangent map then descends to a bundle map N f : NF → NF ′,
which we refer to as the normal derivative.
The foliate diffeomorphisms from M to itself forma group, whichwe call the foli-
ate diffeomorphism group or automorphism group of (M,F ) and denote byAut(M,F ).
We call an automorphism f of (M,F ) inner if it maps each leaf of F to itself, in
otherwords f (F (x))  F (x) for all x. The group of inner automorphisms, denoted
by Inn(M,F ), is a normal subgroup of the automorphism group. The quotient
Out(M,F )  Aut(M,F )/Inn(M,F ) is the outer automorphism group of the foliated
manifold. The standard references on the subject, such as [20], [26], [27], and [32],
use various different notations for these three groups and their Lie algebras. Our
notation for the Lie algebras is as follows:
Lie(Aut(M,F ))  X(M,F ),
Lie(Inn(M,F ))  X(F ),
Lie(Out(M,F ))  X(M/F ).
These Lie algebras form a short exact sequence
(2.1.1) X(F ) −֒→ X(M,F ) −→ X(M/F )
and they have the following significance. Let X(M)  Γ(TM) be the Lie algebra
of all vector fields on M. Then X(F ) is equal to Γ(TF ), the subalgebra of X(M)
consisting of all vector fields tangent to the leaves of the foliation. The Lie algebra
X(M,F ) is equal to the normalizer of X(F ) in X(M). We call elements of X(M,F )
foliate vector fields. Thus a vector field w on M is foliate if and only if for every vector
field v tangent to F the Lie bracket [v , w] is also tangent to F .
We call elements of the Lie algebra X(M/F )  X(M,F )/X(F ) transverse vector
fields. A transverse vector field is not a vector field, but an equivalence class of
foliate vector fields modulo vector fields tangent to F . The transverse vector fields
form a subspace of the space of sections of the normal bundle,
X(M/F )  X(M,F )/X(F ) ⊆ Γ(NF )  X(M)/X(F ).
Being the quotient of two Lie algebras, the space Γ(NF ) is an X(F )-module. The
subspace X(M,F ) is equal to Γ(NF )X(F ), the space of X(F )-fixed sections of NF .
Thus transverse vector fields are X(F )-fixed sections of the normal bundle NF .
The notation X(M/F ) is not meant to suggest that the leaf space M/F is a
manifold. However, if the foliation F is strictly simple, i.e. given by the fibres of
a surjective submersion M → P with connected fibres, then the leaf space M/F
is a manifold diffeomorphic to P. In this case the Lie algebra of transverse vector
fields X(M/F ) is nothing but the Lie algebra of vector fields on the leaf space. If
the foliation is not strictly simple, we regard transverse vector fields as a substitute
for vector fields on the leaf space. Following [23, § 2.5] we can also regard the leaf
space as an étale stack and X(M/F ) as the Lie algebra of vector fields on this stack.
Given a foliate map f : (M,F ) → (M′,F ′), we say that two transverse vector
fields v ∈ X(M/F ) and v′ ∈ X(M′/F ′) are f -related, and we write v ∼ f v′, if the
normal derivative of f satisfies Nx f (vx)  v′f (x) for all x ∈ M.
The X(F )-module structure on Γ(NF ),
∇F : X(F ) × Γ(NF ) −→ Γ(NF ),
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is induced by the Lie bracketX(F )×X(M) → X(M) and is called the Bott connection
or partial connection of the foliation. It satisfies the usual rules
∇Ff u v  f∇
F
u v , ∇
F
u ( f v)  L(u)( f )v + f∇
F
u v
for all smooth functions f and sections u ∈ X(F ), v ∈ Γ(NF ). The partial con-
nection provides a partial horizontal lifting map TF → T(NF ), i.e. a splitting over
TF of the surjection T(NF ) → TM. For every leaf L of F the partial connection
induces a genuine flat connection on NF |L .
2.2. Transverse Lie algebra actions. Let g be a finite-dimensional real Lie algebra
and let (M,F ) be a foliatedmanifold. A foliate action of g on (M,F ) is a Lie algebra
homomorphism g→ X(M,F ). By the Lie-Palais theorem [28, Ch. 4], if the vector
fields induced by g are complete, a foliate g-action integrates to a smooth G-action,
where G is a suitable Lie groupwith Lie algebra g. The group G then acts by foliate
diffeomorphisms and we refer to this as a foliate G-action.
A transverse action of g on (M,F ) is a Lie algebra homomorphism a : g →
X(M/F ). For ξ ∈ g we denote the transverse vector field a(ξ) by ξM . Each of
these is represented by a foliate vector field ξ˜M ∈ X(M,F ). However, there is in
general noway of choosing the representatives ξ˜M in such away that they generate
a foliate g-action. In other words a transverse g-action does not necessarily lift to
a foliate g-action, and in particular there is no guarantee that a transverse g-action
“integrates” to a group action. Nevertheless, Proposition 2.2.2 below tells us that
a transverse Lie algebra action always integrates to the action of a certain Lie
groupoid. We regard transverse Lie algebra actions, which are the focus of our
interest, as a substitute for Lie group actions on the leaf space M/F .
For the remainder of § 2.2 we fix a transverse g-action a : g→ X(M/F ).
If the foliation is strictly simple, then the transverse action amounts to an ordi-
nary g-action on the manifold M/F . Similarly, if S is a transversal to the foliation,
the transverse action on M restricts to an ordinary g-action on S, because every
x ∈ S has an open neighbourhood U such that the foliation F |U is strictly simple
with leaf space S ∩ U .
Let gM be the trivial bundle with fibre g over M. We define the transverse action
Lie algebroid g ⋉F of the transverse g-action to be the fibred product
g⋉F  gM×NF TM  { (x , ξ, v) ∈ M×g×TM | v ∈ Tx M and ξM,x  v mod TxF },
which is a smooth subbundle of gM × TM. (The notation g ⋉F mimicks that for
an ordinary action Lie algebroid g ⋉ M as defined in [26, § 6.2].) The projection
g ⋉F → gM defined by (x , ξ, v) 7→ (x , ξ) has kernel TF , so we have a short exact
sequence
TF g ⋉F gM←֓ →
i ←
։
p
of vector bundles over M. The anchor map is the bundle map t : g ⋉ F → TM
defined by t(ξ, v)  v. The space of smooth sections Γ(g ⋉F ) consists of all pairs
(ξ, v) ∈ C∞(M, g) × X(M) satisfying ξM,x  vx mod TxF for all x ∈ M, and is
equipped with the Lie bracket[
(ξ, v), (η, w)
]
(x) 
(
[ξ(x), η(x)] + L(v)(η)(x) − L(w)(ξ)(x), [v , w](x)
)
.
This is the unique Lie bracket on Γ(g⋉F )with the following properties: it satisfies
theLeibniz identitywith respect to the anchor t; the inclusion i : X(F ) → Γ(g⋉F ) is
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a Lie algebra homomorphism; and the projection p : Γ(g⋉F ) → C∞(M, g) satisfies
p([(ξ, v), (η, w)])  [ξ, η] whenever ξ, η ∈ C∞(M, g) are constant.
If a is a Lie algebroid over M with anchor t : a → TM and x is a point of M, we
denote by ax the fibre of a at x and by stab(a, x)  ker(tx : ax → TxM) the isotropy
or stabilizer of x. The stabilizer stab(a, x) ⊆ ax inherits a Lie algebra structure from
a. The stabilizer of x for the transverse action Lie algebroid a  g ⋉F is equal to
stab(g ⋉F , x)  { ξ ∈ g | ξM,x  0 }.
2.2.1. Lemma. Suppose x and y are in the same leaf of F . Then stab(g ⋉ F , x) 
stab(g ⋉F , y).
Proof. Let ξ ∈ g. Then ξM is a transverse vector field, so ∇vξM  0 for all v ∈ X(F ).
Therefore ξM,φt (x)  φt ,∗(ξM,x), where φt denotes the flow of v. Now suppose
ξ ∈ stab(g ⋉ F , x), i.e. ξM,x  0. Then ξM,φt (x)  0. Since this holds for all
v ∈ X(F ), we have ξM,y  0, i.e. ξ ∈ stab(g ⋉F , y). QED
The transverse g-action is called free at x if stab(g ⋉F , x)  0, and free if it is free
at all x ∈ M. We say that x ∈ M is g ⋉ F -fixed if stab(g ⋉ F , x)  g. This means
that for all ξ ∈ g the transverse vector field ξM vanishes at x, or equivalently, by
Lemma 2.2.1, that every foliate representative of ξM is tangent to the leaf F (x).
(So if the g-action integrates to a foliate G-action, the leaf F (x), viewed as a point
in the leaf space, is G-fixed.) We call the set
Mg  { x ∈ M | stab(g ⋉F , x)  g }
the fixed-leaf set of M. The image of the anchor map t is the singular subbundle of
TM that generates a singular foliation denoted by g·F in [15, § 2]. An orbit g⋉F (x)
under the transverse action Lie algebroid is a leaf of this singular foliation, which
we also refer to as the g-orbit of the leaf F (x).
2.2.2. Proposition. The transverse action algebroid g ⋉F is integrable.
Proof. The followingmethod is adapted from [11, Theorème 2.1]; see also [26, § 6.2].
Let G be a Lie group with Lie algebra g and let p : G × M → M be the projection
onto the second factor. For every section (ξ, v) ∈ C∞(M, g) × X(M) of g ⋉F define
a vector field aG×M(ξ, v) ∈ X(G × M) by
aG×M(ξ, v)(g ,x)  (T1Lg(ξx), vx),
where Lg : G → G denotes left multiplication by g. The map aG×M : Γ(g ⋉F ) →
X(G×M)defines a free action of the Lie algebroid g⋉F on G×M in the sense of [21,
Definition 3.1], so the vector fields aG×M(ξ, v) span a foliation G of G ×M. The left
multiplication action of G on the first factor of G×M is G -foliate, and therefore lifts
naturally to a G-action on the monodromy groupoid Mon(G ), which is free and
proper. The quotient manifold Mon(G )/G is a Lie groupoid over (G × M)/G  M,
whose Lie algebroid is isomorphic to g ⋉F . QED
2.3. Basic differential forms. Let (M,F ) be a foliated manifold. A differential
form α on M is F -basic if its Lie derivatives L(u)α and contractions ι(u)α vanish
for all vector fields u ∈ X(F ). The set of F -basic forms is a differential graded
subalgebra of the de Rham complex Ω(M), which we denote by Ω(M,F ). Its
cohomology is a graded commutative algebra called theF -basic deRham cohomology
and denoted by H(M,F ). A foliate map f : (M,F ) → (M′,F ′) induces a pullback
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morphism of differential graded algebras f ∗ : Ω(M′,F ′) → Ω(M,F ) and hence a
morphism of graded algebras f ∗ : H(M′,F ′) → H(M,F ). If the foliation is strictly
simple, the basic de Rham complex is just the de Rham complex of the manifold
M/F .
2.4. Equivariant basic differential forms. Let (M,F ) be a foliated manifold. Let
g be a finite-dimensional Lie algebra and a : g→ X(M/F ) a transverse g-action on
M. For ξ ∈ g let ξM  a(ξ) ∈ X(M/F ) denote the transverse vector field on M
defined by the g-action. For α ∈ Ω(M,F ) define
ι(ξ)α  ι(ξ˜M )α, L(ξ)α  L(ξ˜M)α,
where ξ˜M is a foliate vector field that represents ξM . Since α is F -basic, these
contractions and derivatives are independent of the choice of the representative
ξ˜M of ξM . Goertsches and Töben [15, Proposition 3.12] observed that they obey
the usual rules of É. Cartan’s differential calculus, namely [L(ξ), L(η)]  L([ξ, η])
etc. In other words the transverse g-action makes the basic de Rham complex
Ω(M,F ) a g˜-algebra in the sense of [17, Ch. 2]. The notation g˜ ([17] uses g⋆) stands
for a graded Lie algebra extension of g that encodes the action of the derivations
ι(ξ), L(ξ) and d. See Appendix A for relevant facts concerning g˜-modules and
g˜-algebras.
Like any other g˜-module, the F -basic de Rham complex Ω(M,F ) has a Weil
complex
Ωg(M,F )  (Wg ⊗ Ω(M,F ))g-bas .
HereWg denotes the Weil algebra of g, which is a differential graded commutative
algebra isomorphic to Sg∗⊗Λg∗ as an algebra, and “g-bas”means “g-basic subcom-
plex”. (See §§A.4–A.5.) We refer to elements of Ωg(M,F ) as g-equivariant F -basic
differential forms. The cohomology of the Weil complex is the g-equivariant F -basic
de Rham cohomology Hg(M,F ) of the foliated manifold with respect to the trans-
verse action. Wewill frequently abbreviate the cumbersome phrase “g-equivariant
F -basic” to “equivariant basic”.
Let (M′,F ′) be another foliated manifold equipped with a transverse g-action.
We say that a foliate map f : M → M′ is g-equivariant if the transverse vector fields
ξM and ξM′ are f -related for all ξ ∈ g (as defined in § 2.1). A g-equivariant foliate
map f induces a pullback map of g˜-modules Ω(M′,F ′) → Ω(M,F ). We say that
a smooth map f : [0, 1] × M → M′ is a g-equivariant foliate homotopy if the map
ft : M → M
′ defined by ft(x)  f (t , x) is g-equivariant foliate for all t ∈ [0, 1]. The
following statement, the non-equivariant version of which is due to Töben [31, § 2],
is a variant of the standard homotopy lemma in de Rham theory. A g˜-homotopy
between two morphisms φ0, φ1 of g˜-modules is a degree −1 map κ satisfying
φ1 − φ0  [d , κ]  dκ + κd and [ι(ξ), κ]  [L(ξ), κ]  0 for all ξ ∈ g.
2.4.1. Lemma. Let (M,F ) and (M′,F ′) be foliated manifolds equipped with transverse
actions of a Lie algebra g. Let f : [0, 1] × M → M′ be a g-equivariant foliate homotopy.
Then the pullback morphisms f0 and f1 : Ω(M′,F ′) → Ω(M,F ) are g˜-homotopic. In
particular they induce the same homorphisms in equivariant basic cohomology: f ∗0 
f ∗1 : Hg(M
′,F ′) → Hg(M,F ).
Proof. As reviewed in Appendix B, on the ordinary de Rham complexes we have
a cochain homotopy f ∗
1
− f ∗
0
 [d , κ] given by the homotopy operator κ  π∗ ◦
f ∗ : Ω(M′) → Ω(M)[−1]. Here π : [0, 1] ×M → M is the projection and π∗ denotes
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integration over the fibre [0, 1]. We assert that the operator κ preserves the basic
subcomplexes and is a g˜-homotopy when restricted to those subcomplexes. To
show this let us furnish the cylinder [0, 1] × M with the foliation ∗ × F , whose
leaves are of the form {t} × F (x) for t ∈ [0, 1] and x ∈ M. Then the homotopy f
is a foliate map. Let u be a vector field on M tangent to F . Then (0, u) is a vector
field on [0, 1] × M tangent to ∗ ×F . The vector fields u and (0, u) are π-related, so
Lemma B.2(i) tells us that
ι(u) ◦ π∗  −π∗ ◦ ι((0, u)), L(u) ◦ π∗  π∗ ◦ L((0, u)).
If u′ ∈ X(F ′) is a vector field on M′ which is f -related to (0, u), then
ι((0, u)) ◦ f ∗  f ∗ ◦ ι(u′), L((0, u)) ◦ f ∗  f ∗ ◦ L(u′).
Combining these identities gives
ι(u) ◦ κ  −κ ◦ ι(u′), L(u) ◦ κ  κ ◦ L(u′).
It follows that κ maps Ω(M′,F ′) to Ω(M,F ). The transverse g-action on (M,F )
extends to a transverse g-action on ([0, 1] × M, ∗ × F ) by letting g act trivially
in the t-direction. Then the maps π and f are g-equivariant, so the transverse
vector fields ξM , ξ[0,1]×M and ξM′ are π- and f -related. Again by Lemma B.2(i),
π∗ commutes with the operations ι(ξ) and L(ξ), and so does f ∗. This shows that
κ : Ω(M′,F ′) → Ω(M,F )[−1] is a g˜-homotopy. QED
2.5. Equivariant basic characteristic forms. Let P be a manifold equipped with
a foliation FP . Let K be a Lie group that acts properly and freely on P by fo-
liate diffeomorphisms. Let k → X (P/FP) be the associated transverse k-action.
Assume that this transverse action is also free (as defined in § 2.2). This means
that the foliation into K-orbits and the foliation FP intersect trivially in the sense
that Tp(K·p) ∩ TpFP  0 for all p ∈ P. Let M  P/K be the quotient manifold
and π : P → M the quotient map. There exists a unique foliation FM  F of
M with the following properties: the quotient map π : (P,FP) → (M,F ) is a
foliate map, and for every p ∈ P the derivative Tπ restricts to an isomorphism
Tpπ : TpFP → Tπ(p)F . Under these conditions, following [20, Ch. 2] and [27,
§ 2.6], we call P a foliated principal K-bundle over the foliated manifold M. Each leaf
FP(p) of P is then a Galois covering space of the leaf F (π(p)) of M. If the foliation
F is strictly simple, P descends to a principal bundle on the leaf manifold M/F .
For the remainder of § 2.5 we fix a foliated manifold M and a foliated principal
K-bundle P over it. In addition we suppose that P is equipped with a transverse
action of a Lie algebra gwhich commutes with the K-action. This transverse action
descends to a unique transverse action on the base manifold M with the property
that the bundle projection π : P → M is g-equivariant.
Let kP be the trivial bundle over P with fibre k  Lie(K) and let kP → TP be the
map defining the infinitesimal K-action. We have a short exact sequence of vector
bundles
(2.5.1) kP TP π∗TM.←֓ →
←
։
Tπ
By the definition of a foliated principal bundle, Tπ restricts to an isomorphism
Tπ : TFP → π∗TF , the inverse of which,
(2.5.2) π∗TF −→ TFP ,
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defines a partial connection on the principal K-bundle P, i.e. a K-equivariant vector
bundle map that splits the short exact sequence (2.5.1) over the subbundle π∗TF
of π∗TM. The integrability of TFP means that this partial connection is flat, so the
horizontal lifting map
X(F ) −→ X(FP)
is a homomorphism of Lie algebras. A connection on the foliated bundle P is called
FP-basic if its associated connection 1-form is FP-basic.
2.5.3. Lemma. Suppose that the partial connection (2.5.2) on the principal K-bundle P
extends to a connection π∗TM → TP which is FP-basic and g-invariant. Then the
associated connection 1-form θ ∈ Ω1(P,FP; k)K, viewed as a map k∗ → Ω1(P,FP) defines
a g-invariant connection on the k˜-algebra Ω(P,FP).
Proof. This is a restatement of the definition of g-invariant connections on k˜-
algebras; see §§A.3 and A.6. QED
Under the assumptions of the lemma we have the g-equivariant characteristic
homomorphism defined in (A.6.5),
(2.5.4) cg,θ : S(k[2]∗)k −→
(
Ωk-bas(P,FP)
)
g
.
The K-equivariance of the connection θ implies that this homomorphism is equi-
variant with respect to the action of the component group K/K0 of K. The left-
hand side of (2.5.4) denotes the algebra of k-invariant polynomials on k∗ with
the generators placed in degree 2. The right-hand side is the g-Weil complex(
Wg ⊗ Ωk-bas(P,FP)
)
g-bas of the k-basic F -basic de Rham complex of P. This is
calculated as follows.
2.5.5. Lemma. Suppose that the component group Π  K/K0 of K is finite. Let V1,
V2, . . . , Vr be a complete list of representatives of isomorphism classes of irreducible real
representations ofΠ. LetVi  (P/K0 ×Vi)/Π be the flat vector bundle on M  P/K with
fibre Vi . The k-basic F -basic de Rham complex of P decomposes as a Π-module into
Ωk-bas(P,FP) 
r⊕
i1
Ω(M,F ;V∗i ) ⊗ Vi ,
where Π acts trivially on each factor Ω(M,F ;V∗i ). The summand corresponding to the
1-dimensional trivial representation of Π is the F -basic de Rham complexΩ(M,F ).
Proof. Put Ω  Ωk-bas(P,FP). Differential forms on P/K0 pull back to K0-basic
differential forms on P, so
Ω  ΩK0-bas(P,FP)  Ω(P/K0 ,FP/K0).
This implies that
Ω(M,F ;V∗i ) 
(
Ω(P/K0 ,FP/K0) ⊗ V
∗
i
)Π
 HomΠ(Vi ,Ω).
Plugging this into the isotypical decomposition Ω 
⊕
i HomΠ(Vi ,Ω) ⊗ Vi yields
the result. QED
Since the transverse g-action on P commutes with the K-action, the isotypical
decomposition of this lemma is a decomposition of g˜-modules, where we let g
act trivially on each of the representations Vi . We therefore have an analogous
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decomposition of Ωk-bas(P,FP) as a g˜-complex. To conclude, under the assump-
tions of Lemmas 2.5.3 and 2.5.5 we have the g-equivariant and K/K0-equivariant
characteristic homomorphism
(2.5.6) cg,θ : S(k[2]∗)k −→
r⊕
i1
Ωg(M,F ;V
∗
i ) ⊗ Vi .
Elements in the image of (2.5.6) are g-equivariant F -basic characteristic forms; their
cohomology classes are g-equivariant F -basic characteristic classes. If the structure
group K is not connected, these forms and classesmay have coefficients in the local
systemsVi, but if K is connected the right-hand side of (2.5.6) is just the equivariant
basic de Rham complex Ωg(M,F ).
3. Molino theory
This section is a précis of Molino’s structure theory of Riemannian foliations,
partly based on [15, § 4]. A full account of these results can be found in [27] and also
in [26, Ch. 4]. We restate them slightly in terms of transverse action Lie algebroids,
and to Molino’s two structure theorems we add a third structure theorem, which
concerns a dual pair of bundles of Lie algebras and a Morita map of groupoids
associated to a Riemannian foliation. At the end we state several corollaries that
will be used in later sections.
A transverse Riemannian metric on a foliatedmanifold (M,F ) is a positive definite
symmetric bilinear form g on the normal bundle NF with the property that
L(v)g  0 for all vector fields v ∈ X(F ) tangent to the leaves. The pair (F , g)
is then called a Riemannian foliation. A bundle-like Riemannian metric on M is a
Riemannian metric gTM on M with the property that the function g(v , w) is basic
for all foliate vector fields v and w ∈ X(M,F ) that are perpendicular to the leaves
of F . A bundle-like metric g gives rise to a transverse metric g by identifying
NF with the gTM-orthogonal complement of F and then restricting gTM to NF .
Conversely, for every transverse metric g there is a bundle-like metric gTM which
induces g; see [27, § 3.2]. Following [15, § 2.1] we call a Riemannian foliation (F , g)
on M is (metrically) complete if there exists a bundle-likemetric gTM which induces g
andwhich is complete. A foliatemap f from M to a secondmanifold M′ equipped
with a Riemannian foliation (F ′, g′) is a transverse Riemannian submersion if it is a
submersion and if the normal derivative Nx f : NxF → N f (x)F ′ preserves scalar
products of vectors perpendicular to ker(Nx f ).
3.1. Notation and conventions. In the rest of this section M denotes a connected
manifold equipped with a metrically complete Riemannian foliation (F , g). We
denote the (constant) codimension dim(M) − dim(F (x)) of the foliation by q, the
orthogonal group O(q) by K, and its Lie algebra by k. We define gK to be the bi-
invariant Riemannian metric on K with respect to which K has volume 1 andwe let
gk be the associated inner product on k. We denote by VM the trivial vector bundle
over M with fibre a vector space V. See § 2.1 and the notation index, Appendix C,
for general notational conventions.
3.2. The Molino diagram. Define a relation among points of M as follows: x ∼ y
if the closures of the leavesF (x) and F (y) intersect. The gist of Molino’s theory is
that, unlike for general foliations, this is an equivalence relation, and that x ∼ y if
and only if the closure of the leaf F (x) is equal to the closure of the leaf F (y). The
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leaf closures are the leaves of a singular foliation F , we can form the leaf closure
space M/F , which is aHausdorff topological space, andwe have a continuous map
M/F → M/F . The kicker is that this leaf closure space is the quotient space of a
Riemannian manifold W , which we call the Molino manifold and whose definition
we review below, by an isometric action of the orthogonal group K  O(q). This
enables us to reduce certain questions about the foliationF to usually much easier
questions about the K-action onW . The situation can be summarized by theMolino
diagram,
(3.2.1)
(P,FP , gP)
(M,F , g) (W, gW )
M/F M/F
←→π ←→
̺
←→/F ←
→
/K
←
→
The manifold P, which we call theMolino bibundle, is the bundle of orthonormal
frames of the normal bundle NF , and is a foliated principal K-bundle over M with
structure group K  O(q). (If F is transversely orientable, we choose a transverse
orientation, we take P to consist of oriented orthonormal frames, and we replace K
by SO(q).) We describe the foliation FP by specifying a partial connection on P
as follows. A Killing vector field on (M,F ) is a vector field v ∈ X(M) that satisfies
L(v)g  0 (not L(v)gTM  0!). We denote the Lie algebra of Killing vector fields by
K(M,F , g). By [27, Lemma 3.5] a Killing vector field v ∈ X(M) is automatically
foliate and therefore K(M,F , g) is a Lie subalgebra of X(M,F ). Vector fields in
X(F ) are by definition Killing, so X(F ) is an ideal of K(M,F , g). We denote the
quotient Lie algebra by K(M/F , g) and call its elements transverse Killing vector
fields. The short exact sequence (2.1.1) restricts to a short exact sequence
X(F ) −֒→ K(M,F , g) −→ K(M/F , g).
The flow φt of a Killing vector field v is a 1-parameter group of foliate diffeomor-
phisms, so the normal derivative Nφt is a 1-parameter group of vector bundle
automorphisms of NF . The flow Nφt preserves the metric g, so it maps orthonor-
mal frames to orthonormal frames and therefore lifts naturally to a K-equivariant
flow φP,t of bundle automorphisms of P. The infinitesimal generator π†(v) of φP,t
is a K-invariant vector field, and the map v 7→ π†(v) is a homomorphism of Lie
algebras
(3.2.2) π† : K(M,F , g) −→ X(P)K −֒→ X(P),
which we call the natural lifting homomorphism. The restriction of π† to X(F ) gives
a vector bundle map π∗TF → TP. This is the partial connection on P. Its image is
the tangent bundle to the foliation FP that makes P a foliated principal K-bundle.
The partial connection extends to a unique torsion-free connection, the transverse
Levi-Civita connection, which is FP-basic; see [27, § 3.3]. We denote this connection,
and its associated connection 1-form in Ω1(P,FP; k)K, by θLC. The θLC-horizontal
lift of a vector field v ∈ X(M) agrees with the canonical lift π†(v) if v is tangent
to F , but may differ from π†(v) if v is an arbitrary Killing vector field. Since θLC
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maps π∗TF to TFP , it induces a vector bundle map θ¯LC : π∗NF → NFP , which
is a splitting (right inverse) of the normal derivative Nπ : NFP → π∗NF of π.
The solder form of P is the Rq-valued 1-form σ ∈ Ω1(P,FP;Rq)K defined as
follows: let p ∈ P, v ∈ TpP, and x  π(p), view the orthonormal frame p as an
isometry p : Rq → NxF , and put
σp(v)  p
−1
(
Tpπ(v) mod TxF
)
∈ Rq .
The solder form is equivariant with respect to the K-actions on P and Rq . For
every p the linear map σp : TpP → Rq is surjective and its kernel is equal to the
sum Tp(K·p) ⊕ TpFP . Therefore σ descends to a surjective vector bundle map
σ¯ : NFP → R
q
P
with kernel kP. The connection form θLC and the solder form σ
give us the soldering diagram of the foliated bundle P,
kP kP
TFP TP NFP
π∗TF π∗TM π∗NF R
q
P
←
→

←
֓→ ←
֓→
←֓ →
←
֓
։
←
։
←։ Tπ ←։ Nπ
←
։
σ¯
←֓ →
←
։
←→θLC ←→θ¯LC
The diagram commutes, its rows and columns are exact, and θLC and θ¯LC are
splittings, so we get isomorphisms σ¯ ◦ θ¯LC : π∗NF  R
q
P
and
(3.2.3) NFP  kP ⊕ R
q
P
.
Thus a choice of bases of k and Rq gives rise to a transverse parallelism of P, i.e. a
global frame of the normal bundle NFP given by sections that are constant with
respect to the trivialization (3.2.3). Constant sections of NFP are transverse vector
fields on P.
The following theorem is an excerpt ofMolino’s results. See § 3.1 for the notation
and the hypotheses.
3.2.4. Theorem (first structure theorem). (i) There is a unique transverse Rie-
mannian metric gP on (P,FP) with respect to which the trivialization (3.2.3)
is an isometry. This transverse metric gP is K-invariant and complete, and
π : P → M is a transverse Riemannian submersion. The natural lift of a Killing
vector field on (M,F , g) is a K-invariant Killing vector field on (P,FP , gP), so
the natural lifting homomorphism π† descends to a Lie algebra homomorphism
π† : K(M/F , g) −→ K(P/FP , gP)
K −֒→ K(P/FP , gP).
(ii) The foliation FP is transversely parallelizable and homogeneous. Hence the leaf
closure foliation FP is strictly simple and the space of leaf closures is a manifold
P/FP  W . The K-action on (P,FP) is foliate and therefore descends uniquely
to a smooth K-action on W . The quotient map ̺ : P → W is a K-equivariant
locally trivial fibre bundle. There exists a unique Riemannian metric gW on W
with respect to which ̺ is a transverse Riemannian submersion. The metric gW
is complete. Every transverse vector field v on P is ̺-related to a unique vector
field ̺†(v) on W . The map
̺† : X(P/FP , gP) −→ X(W, gW )
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is a Lie algebra homomorphism. If v is Killing, then so is ̺†(v).
(iii) Let L be a leaf ofF and let LP be a leaf ofFP mapping to L. Then L¯  π(L¯P) and
L¯ is an embedded submanifold of M. The K-equivariant map ̺ : P → W induces
a continuous map M  P/K → W/K, which descends to a homeomorphism
M/F → W/K.
Molino also showed that each leaf closure F(x) of M is the orbit of the leaf
F (x) under the action of a certain flat bundle of Lie algebras over M. He did not
point out, but it follows immediately from his results, that F(x) is actually the
orbit of x under the action of a certain Lie algebroid. We reformulate Molino’s
second structural theorem in terms of this Lie algebroid as follows. The transverse
tangent sheaf TM  T of (M,F ) is the sheaf of Lie algebras on M associated to the
presheaf U 7→ X(U/F |U ), where U ranges over all open subsets of M. In other
words, T is the quotient of the sheaves U 7→ X(U,F |U) and U 7→ X(F |U ). The
transverse Killing sheaf KM  K is the subsheaf of T associated to the presheaf
U 7→ K(U/F |U , g). We have a similar sheavesTP and KP on P. The Lie algebra of
global transverse vector fieldsX(P,FP) is a subspace of the space of global sections
of TP . The sheaf TP is constant, because P has a transverse parallelism. Molino’s
centralizer sheaf of P is the subsheafCP ofTP consisting of all sections that centralize
the global transverse vector fields:
CP(V)  { v ∈ TP(V) | [v , w]  0 for all w ∈ X(P,FP) }.
The natural lifting homomorphism provides a homomorphism of sheaves of Lie
algebras π† : K → π∗TP . The centralizer sheaf C  CM of M is the inverse image of
CP under this homomorphism. In other words, C is the subsheaf of K consisting
of all sections u ∈ K (U)with the property that π†(u) ∈ CP(π−1(U)).
3.2.5. Theorem (second structure theorem). (i) The sheaves CP and C are lo-
cally constant. The natural lifting homomorphism π† induces an isomorphism
C  (π∗CP)K . Let p ∈ P and let x  π(p) ∈ M. Let Λ be the closure of the
leaf FP(p), let FΛ be the restriction of the foliation FP to Λ, and let TΛ be the
transverse tangent sheaf of (Λ,FΛ). The stalk CP,p is a Lie algebra equal to the
centralizer of X(Λ,FΛ) in TΛ,p . The dimension of CP,p is
dim(CP,p)  dim(FP(p)) − dim(FP(p)).
(ii) The sheaf CP is the sheaf of flat sections of a K-equivariant flat bundle of Lie
algebras cP , whose fibre at p is equal to the stalk CP,p . The evaluation maps
CP,p → NpFP give rise to a bundle map cP → NFP . Similarly, the sheaf
CM  C is the sheaf of flat sections of a flat bundle of Lie algebras cM  c, whose
fibre at x is equal to the stalk Cx ; and c is equipped with a bundle map c → NF .
We have isomorphisms π∗c  cP and c  cP/K.
(iii) The fibred product
cP ⋉FP  cP ×NFP TP
is a Lie algebroid over P, which acts freely on P and whose orbits are the closures
of the leaves of FP . The decomposition into leaf closures FP is a foliation of P of
(constant) codimension q + 12 q(q − 1) − dim(CP,p). Similarly,
c ⋉F  c ×NF TM
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is a Lie algebroid over M, whose orbits are the closures of the leaves of F . The
decomposition into leaf closures F is a singular foliation of M. The codimension
of F(x) is q + dim(Stab(K, w)) − dim(CP,p), where x  π(p) and Stab(K, w)
denotes the stabilizer of w  ̺(p) ∈ W under the K-action.
We call cP and c the centralizer bundles of P, resp. M. We call cP ⋉FP and c ⋉F
the centralizer Lie algebroids of P, resp. M. The Riemannian foliation (M,F , g) is
called Killing if the sheaf C is constant (i.e. the vector bundle c is a trivial flat vector
bundle), and it is called taut if the sheaf det(C ) is constant (i.e. det(c) is a trivial flat
line bundle).
A transverse parallelismofP is the same thing as a basis of the space of transverse
vector fields X(P/FP) considered as a module over the ring of basic functions
Ω0(P,FP)  C∞(W). In particular, this module is free over C∞(W) (of rank q +
1
2 q(q − 1)) and is therefore the module of sections of a (trivial) vector bundle b over
W . The Lie bracket onX(P/FP) and the surjective homomorphism ̺† : X(P/FP) →
X(W)make b a transitive Lie algebroid over W , called the basic Lie algebroid in [26,
§ 6.4]. The anchor being surjective, the stabilizers sW,w  stab(b, w) for w ∈ W form
a locally trivial Lie algebra bundle sW (which is denoted by gW on [27, p. 119]).
The first three items of the next result are a reformulation of further results
of Molino. The last item, which is not in Molino, but which we state without
proof as we won’t use it here, justifies our usage of the term “bibundle” for the
transverse frame bundle P, and it places Molino’s structure theory in the context
of Lie groupoids. See [22, § 3.2] for an explanation of bibundles.
3.2.6. Theorem (third structure theorem). (i) Let w ∈ W . Let Λw  ̺−1(w)
and letFw be the restriction of the foliationFP toΛw . Then sW,w is isomorphic to
the finite-dimensional Lie algebraX(Λw/Fw). The Lie algebra bundles sP  ̺∗sW
and cP over P form a dual pair in the sense that for each p ∈ P the fibres sP,p and
cP,p are each other’s centralizer in the Lie algebra TP,p .
(ii) The Lie algebra bundle sW integrates to a locally trivial Lie group bundle SW
with simply connected fibres. For w ∈ W let P˜w be the Darboux cover of the leaf
closure ̺−1(w). The union P˜ 
⋃
w∈W P˜w is a fibre bundle overW equipped with
a bundle map P˜ → SW . For each w ∈ W the fibre sW,w of sW is the Lie algebra of
left-invariant vector fields on Sw and for every p ∈ ̺−1(w) the fibre cP,p of cP is
the Lie algebra of right-invariant vector fields on Sw .
(iii) The manifold P is a bibundle for the holonomy groupoid Hol(M,F ) and the
action groupoid K ⋉ W . Therefore P defines a generalized groupoid morphism
from Hol(M,F ) to K ⋉W , as well as a morphism from the leaf stack [M/F ] to
the quotient stack [W/K].
3.3. Some corollaries of Molino theory. We remind the reader that M stands
for a manifold equipped with a complete Riemannian foliation (F , g). We will
freely use the notation and the results expressed in the Molino diagram (3.2.1)
and in the Molino structure theorems, Theorems 3.2.4–3.2.6. A transverse action
a : g → X(M/F ) of a finite-dimensional Lie algebra g on M is isometric if the
homomorphism a takes values in the transverse Killing vector fields K(M/F , g).
In the remainder of § 3.3 we fix an isometric transverse g-action a on M.
The first corollary of Molino theory is that isometric transverse Lie algebra
actions correspond to isometric Lie group actions on the Molino manifold.
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3.3.1. Proposition. The homomorphism aP  π† ◦ a : g→ K(P/FP , gP) is an isometric
transverse g-action on P. The homomorphism aW  ̺† ◦ aP : g → K(W, gW ) is an
isometric g-action on W . The maps π : P → M and ̺ : P → W are equivariant with
respect to these actions. Let G be a simply connected Lie group with Lie algebra g. The
action aW integrates to an isometric G-action, which commutes with the K-action.
Proof. The first two assertions follow immediately from Theorem 3.2.4(i)–(ii). Also
by Theorem 3.2.4, our standing hypothesis that (M,F , g) is complete implies that
(W, gW ) is complete, so the Killing vector field ξW is complete for each ξ ∈ g,
and therefore the Lie algebra action aW integrates to a G-action by the Lie-Palais
theorem. The projection π : P → M is K-invariant, so the transverse vector fields
ξP commute with the vector fields ηP for all ξ ∈ g and η ∈ k, and so the G-action
on W commutes with the K-action. QED
It follows from Lemma 2.2.1 that if y is in the leaf closure of a point x, then we
have an inclusion of stabilizers stab(g⋉F , x) ⊆ stab(g⋉F , y). The next observation
shows that in the situation of Riemannian foliations this inclusion is an equality.
3.3.2. Proposition. (i) The transverse g-action on M commutes with the transverse
action of the centralizer sheaf C .
(ii) Let x and y ∈ M. If y ∈ F(x), then stab(g ⋉F , x)  stab(g ⋉F , y).
Proof. (i) Let ξ ∈ g. By definition the transverse vector field π†(ξM) commutes with
the sections of the centralizer subsheaf CP . Since the lifting homomorphism π†
induces an isomorphism C  π∗CP (Theorem 3.2.5(i)), it follows that ξM commutes
with the sections of C .
(ii) The leaf closure F(x) is the orbit of x under the centralizer Lie algebroid
(Theorem 3.2.5(iii)). By (i) the action of this Lie algebroid commutes with that of
g, so y has the same stabilizer as x. QED
3.3.3. Remark. This proposition is true even if the transverse g-action is not iso-
metric. The reason is that a foliate vector field on M that is tangent to F (x) for
some x ∈ M is tangent to F (y) for every y in the leaf closure of x. (Cf. remark
on [4, p. 325].)
Another desirable item is the existence of suitable tubular neighbourhoods. We
call a subset X of M invariant or saturated with respect to a Lie algebroid a over M
if for every x ∈ X the a-orbit of x is contained in X. Let X be a g ⋉ F -invariant
embedded submanifold of M and let FX  F |X be the restriction of the foliation
to X. Then the normal bundle
NMX  NX  TM |X/TX  NF/NFX
is a foliated vector bundle over (X,FX) and is equipped with a natural transverse
g-action with the property that the bundle projection NX → X is equivariant.
A g ⋉F -invariant tubular neighbourhood of X is a g-equivariant foliate embedding
f : NX → M with the following properties: the image f (NX) is a g ⋉F -invariant
open subset of M; f |X  idX ; and Tx f  idNx X for all x ∈ X. (Here we identify X
with the zero section of NX and the normal bundle of X in NX with NX.)
We cannot guarantee that every g⋉F -invariant X has a g⋉F -invariant tubular
neighbourhood: we must require in addition that X be invariant with respect
to the leaf closure foliation F . Since the leaf closures F(x) are the orbits of x
under the centralizer Lie algebroid c ⋉F (Theorem 3.2.5(iii)), we can restate this
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requirement on X in terms of the product Lie algebroid (g × c) ⋉F over M, which
by Proposition 3.3.2(i) is well-defined.
3.3.4. Proposition. Every (g × c) ⋉ F -invariant closed embedded submanifold X of M
has a (g× c)⋉F -invariant tubular neighbourhood. For every pair of (g× c)⋉F -invariant
tubular neighbourhoods f0, f1 : NX → M there exists a g-equivariant foliate isotopy from
f0 to f1.
Proof. LetXP  π−1(X) andXW  ̺(XP). Then XP is a K-invariant and (g×cP)⋉FP-
invariant closed embedded submanifold of P, and XW is a G × K-invariant closed
embedded submanifold of W . The G×K-action on W preserves the metric gW . Let
H be the closure of the image of G × K in the isometry group of W . Then X, being
closed, is H-invariant, and H acts properly on W , so the H-equivariant version
of the standard tubular neighbourhood theorem holds. Let fW : NXW → W be
a G × K-invariant tubular neighbourhood of XW . Pulling back through ̺ we
obtain an embedding fP : ̺∗NXW  NXP → P, which is a g-equivariant and K-
invariant tubular neighbourhood of XP . Hence the quotient by K is an embedding
f : NX → M, which is a (g × c) ⋉ F -invariant foliate tubular neighbourhood
of X. Given two such tubular neighbourhoods f0, f1 : NX → M, we have a
corresponding pair of tubular neighbourhoods fW,0, fW,1 : NXW → W of XW .
There exists a G × K-equivariant isotopy FW : [0, 1] × NXW → W from fW,0 to fW,1,
which gives rise to a g-equivariant foliate isotopy F : [0, 1] × NX → M from f0
to f1. QED
3.3.5. Remark. For later use we mention some further properties of the normal
bundle NX. The transverse metric g on (M,F ) restricts to a transverse metric on
(X,FX) and to a fibre metric on NX  NF/NFX . The transverse Levi-Civita
connection descends to a g-invariant metric connection on NX. Similarly, the
normal bundle NXW is equipped with a G × K-invariant metric and connection
coming from the Riemannian metric and Levi-Civita connection on W . Given
a pair of embeddings f : NX → M and fW : NXW → W as in the proof of the
proposition, the isomorphism π∗NX  ̺∗NXW is an isomorphism of metric vector
bundles with connection.
Equally useful is the existence of appropriate partitions of unity. We call an
open cover U of M invariant with respect to a Lie algebroid a over M if every
U ∈ U is a-invariant. We say that a partition of unity (χU )U∈U subordinate to an
a-invariant open cover U is a-invariant if each χU is constant along every a-orbit.
The existence of F -invariant partitions of unity was established in [4, Lemma 2.2].
Here is a g ⋉F -invariant extension of that result.
3.3.6. Proposition. Let U be a g ⋉F -invariant open cover of M. There exists a g ⋉F -
invariant partition of unity subordinate to U .
Proof. Let U ∈ U . The complement M\U is closed and F -invariant, and therefore
it is F-invariant. It follows that U itself is F-invariant, because the leaf closures
F(x) decompose M into disjoint subsets. Therefore the open subset UP  π−1(U)
of P is K-invariant and g ⋉FP-invariant. Hence UP  ̺−1(UW ) for a unique open
subset UW of W , namely UW  ̺(UP). The set UW is G × K-invariant, where G
is as in Proposition 3.3.1. The correspondence U ↔ UW gives us a cover UW of
W by G × K-invariant open subsets. Since G acts isometrically, the closure G¯ of
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G acts properly, so there exists a G × K-invariant partition of unity subordinate to
UW , which transports back to a g ⋉F -invariant partition of unity subordinate to
U . QED
We obtain from this a Mayer-Vietoris theorem for equivariant basic de Rham
theory, the non-equivariant version of which is due to [4, Theorem 2.3]. For a
g ⋉ F -invariant open cover U  {Ui}i∈I of M we have the basic Čech-de Rham
complex
(
Cˇ(U ), δ
)
associated with U , which is defined by
Cˇp(U ) 
∏
i∈Ip+1
Ω(Ui ,F ) and (δα)i 
p+1∑
q0
(−1)qα(i0 ,i1 ,··· ,ıˆq ,...,ip+1) |Ui .
Here Ui denotes the intersection Ui0 ∩ Ui1 ∩ · · · ∩ Uip for a multi-index i 
(i0 , i1 , . . . , ip) ∈ Ip+1. We obtain an augmentation Ω(M,F ) → Cˇ0(U ) by sending
the form α to the tuple (α|Ui )i∈I . The Čech-de Rham complex has a second grading
coming from the differential form degree, and a second differential, namely the
exterior derivative, which makes it a double complex
(
Cˇ(U ), δ, d
)
. We denote the
associated total complex by Cˇtot(U ). Since Ui is g ⋉ F -invariant for each i ∈ Ip ,
the complex Ω(Ui ,F ) is a g˜-module, and therefore Cˇp(U ) is a g-module. So we
can form the Weil complex Cˇpg (U ), which gives us the g-equivariant F -basic Čech-
de Rham complex
(
Cˇg(U ), δ, dg
)
. Both Čech-de Rham complexes are exact, in fact
homotopically trivial, with respect to the Čech differential δ.
3.3.7. Proposition (Equivariant Basic Mayer-Vietoris Principle). Let U  {Ui}i∈I be
a g ⋉F -invariant open cover of M. The augmented basic Čech-de Rham complex
(3.3.8) 0 Ω(M,F ) Cˇ0(U ) Cˇ1(U ) · · ·←→ ←→ ←→δ ←→δ
is a complex of g˜-modules and is g˜-homotopically equivalent to zero. The augmented
equivariant basic Čech-de Rham complex
(3.3.9) 0 Ωg(M,F ) Cˇ0g(U ) Cˇ
1
g(U ) · · ·
←
→
←
→
←
→
δ ←
→
δ
is likewise homotopically equivalent to zero. Therefore the augmentation induces homotopy
equivalences
Ω(M,F ) Cˇtot(U ),
←
→
≃
Ωg(M,F ) Cˇg,tot(U ),
←
→
≃
and isomorphisms
H(M,F ) H
(
Cˇtot(U )
)
,
←
→

Hg(M,F ) H
(
Cˇg,tot(U )
)
.
←
→

Proof. The Čech differential δ is induced by inclusions of g ⋉ F -invariant open
subsets, and is therefore a g˜-morphism. The usual construction of a null-homotopy
κ as in [6, Proposition 8.5] works: let (χi)i∈I be a g ⋉F -invariant partition of unity
subordinate to U , the existence of which is guaranteed by Proposition 3.3.6, and
let α ∈ Cˇp(U ). For every j ∈ I and i ∈ Ip−1 the form χ jα j,i0 ,...,ip−1 ∈ Ω(U j ∩Ui ,F ) is
supported on supp(χ j)∩Ui, so it extends by zero to a unique form β j,i ∈ Ω(Ui ,F ).
Define κ(α) ∈ Cˇp−1(U ) by (κ(α))i 
∑
j∈I β j,i . This sum is locally finite as the family
(supp(χ j) j∈I is locally finite; so κ is well-defined and we have [δ, κ]  id. Since the
χi are g ⋉F -invariant, we have [ι(ξ), κ]  [L(ξ), κ]  0 for all ξ ∈ g. This proves
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that (3.3.8) is null-homotopic as a complex of g˜-modules. Being a g˜-homotopy, the
map κ extends to a map of Weil complexes
κg : Cˇ
p
g (U ) −→ Cˇ
p−1
g (U ),
which satisfies [δ, κg]  id, thus showing that (3.3.9) is null-homotopic as well.
The last assertion is a formal consequence of the δ-exactness; see [6, Proposition
8.8]. QED
The next corollary is a variation on a result of Molino [27, Proposition 3.7] and
is mentioned without proof in [15, § 3.5].
3.3.10. Proposition. If the leaves of F are closed, the K-action on W is of constant
infinitesimal orbit type, and therefore M/F is an orbifold.
Proof. Let w ∈ W . Choose p ∈ ̺−1(w) and let x  π(p). Let Stab(K, w) be the
stabilizer of w under the K-action and let stab(k, w) be its Lie algebra. Then
stab(k, w) 
{
η ∈ k
 ηP,p ∈ TpFP(p)},
and therefore the map η 7→ ηP,p is an isomorphism of vector spaces
stab(k, w)  Tp(K·p) ∩ TpFP(p).
Let Fx  π−1(F(x)) and let πx : Fx → F(x) be the restriction of π to Fx . Then
Fx  K·FP(p) is the K-orbit of the leaf closure FP(p), so
TpFx  Tp(K·p) + TpFP(p), ker(Tpπx)  Tp(K·p) ∩ TpFP(p)  stab(k, w).
The hypothesis that the leaves ofF are closed tells us that dim(F(x))  dim(F (x))
is constant,whichyields that dim(Fx) anddim(stab(k, w)) are constant. This implies
that the Lie subalgebras stab(k, w) are all conjugate to one another, i.e. all w ∈ W
are of the same infinitesimal orbit type. Therefore, by Theorem 3.2.4(iii), M/F 
M/F  W/K is an orbifold. (More precisely, in the language of Theorem 3.2.6(iii)
the generalized morphism Hol(M,F ) → K ⋉ W defined by the bibundle P is
a weak equivalence of groupoids, and therefore induces an equivalence of étale
stacks [M/F ] ≃ [W/K].) QED
The final result of this section, which extends [15, Proposition 4.5], describes
the stabilizer Lie algebras of the Lie algebroid (g × c) ⋉F over M in terms of the
infinitesimal stabilizers of the G × K-action on the Molino manifold W . Recall that
θLC denotes the transverse Levi-Civita connection of P. Recall also that for x ∈ M
the fibre cx of the centralizer bundle c consists of all germs at x of transverse Killing
vector fields ηwith the property that the natural liftπ†(η) commuteswith all global
transverse vector fields of P. Let us denote the value of η at x by ηM,x ∈ NxF and
the value of π†(η) at p ∈ P by ηP,p ∈ NpFP . Since θLC is FP-basic, for all ξ ∈ g and
η ∈ cx the expression ι(ξP,p + ηP,p)θLC is a well-defined element of Tp(K · p)  k.
3.3.11. Proposition (stabilizer correspondence). Let p ∈ P, x  π(p) ∈ M and
w  ̺(p) ∈ W . Define φ : g × cx → g × k by
φ(ξ, η) 
(
ξ,−ι(ξP,p + ηP,p)θLC
)
.
Let
lx  stab((g × c) ⋉F , x) ⊆ g × cx
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be the stabilizer of x with respect to the (g × c) ⋉F -action on M, and let
lw  stab(g × k, w) ⊆ g × k
be the stabilizer of w with respect to the g × k-action on W . The restriction of φ to lx is a
Lie algebra isomorphism from lx onto lw .
Proof. Let v be a transverse Killing vector field defined on an open neighbourhood
U of x. Its natural lift π†(v) is defined on π−1(U) ⊆ P and decomposes into a
vertical part π†(v)vert and a horizontal part π†(v)hor with respect to the transverse
Levi-Civita connection. Thus v vanishes at x if and only if π†(v) is vertical at p
if and only if π†(v)hor  0. Let us apply this observation to the transverse Killing
vector field v  ξM+ηM , where (ξ, η) ∈ g×cx . Then v is defined in a neighbourhood
of x and vanishes at x precisely when the pair (ξ, η) is in lx . Thus
(3.3.12) (ξ, η) ∈ lx ⇐⇒ (ξP,p + ηP,p)hor  0.
Let φ(ξ, η)W denote the vector field on W induced by φ(ξ, η). Any u ∈ TpP defines
an element ι(u)θLC ∈ k, which induces a vector field u′ on P, whose value at p is
equal to u′p  uvert. Taking u  ξP,p + ηP,p we get u
′
p  (ξP,p + ηP,p)vert, so that
φ(ξ, η)W,w  ξW,w −Tp̺
(
(ξP,p + ηP,p)vert
)
. So if (ξ, η) is in lx , it follows from (3.3.12)
that
φ(ξ, η)W,w  ξW,w − Tp̺(ξP,p + ηP,p)  ξW,w − ξW,w  0,
i.e. φ(ξ, η) ∈ lw . This shows that φ(lx) ⊆ lw . Conversely, let (ξ, ζ) ∈ lw , i.e.
ξW,w + ζW,w  0. Then the transverse vector field ξP + ζP on P is tangent to the
fibre ̺−1(w). It follows from Theorem 3.2.5 that ξP,p + ζP,p ∈ TpFP/TpFP  cP,p , so
ξP,p + ζP,p  −ηP,p for some η ∈ cP,p  cx . Since ζ ∈ k, the vector field ζP is vertical,
so
(ξP,p + ηP,p)vert  −(ζP,p)vert  −ζP,p  ξP,p + ηP,p .
Therefore (ξ, η) ∈ lx by (3.3.12), and also φ(ξ, η)  (ξ, ι(ζP,p )θLC)  (ξ, ζ). This
shows that φ(lx) ⊇ lw . Next suppose (ξ, η) ∈ lx satisfies φ(ξ, η)  0. Then ξ  0,
so ι(ηP,p )θLC  0, so (ηP,p)vert  0, so ηP,p  0 by (3.3.12). It follows that η  0,
because by Theorem 3.2.5(iii) the centralizer Lie algebroid c ⋉F acts freely on P.
This shows that the restriction of φ to lx is injective. We finish by showing that the
restriction of φ to lx is a Lie algebra homomorphism. The map φ0 : lx → k defined
by φ0(ξ, η)  ι(ξP,p + ηP,p)θLC is the composition of three maps
lx K(M,F )x X(K · p)K k,
←
→
φ1
←
→
π† ←
→
φ2
where K(M,F )x denotes the Lie algebra of Killing vector fields on M that vanish
at x, and φ1(ξ, η)  ξM,x + ηM,x , and φ2 is the bĳective map that sends a K-
invariant vector field u tangent to K · p to ι(u)θLC,p . Note that π† takes values
in the K-invariant vector fields (see (3.2.2)) and maps vector fields vanishing at
x to vector fields tangent to K · p because of (3.3.12). The maps φ1 and π† are
homomorphisms and φ2 is an anti-homomorphism, so φ(ξ, η)  (ξ,−φ0(ξ, η)) is
a homomorphism. QED
4. The equivariant basic Thom isomorphism
In this section we establish a version of the Thom isomorphism theorem for foli-
ated vector bundles over foliated manifolds equipped with transverse Lie algebra
actions. This extends a result of Töben [31, § 6], who considered the case where the
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Lie algebra is Molino’s structural Lie algebra of the foliation. Instead of stating the
result as an isomorphism of cohomology groups, we have taken care to construct
an explicit homotopy equivalence of de Rham complexes, which we hope may
be useful in extending the Thom isomorphism theorem in other directions. Our
proof is a translation into de Rham theory of Atiyah’s elegant proof of Bott period-
icity [2]. The trick is to pull up the calculation to the direct sum of two copies of the
vector bundle and to make use of the additional symmetries (the interchange and
quarter-turn maps) provided in this way. We end with a discussion of equivariant
basic Euler forms.
4.1. Notation and conventions. In this section (M,F ) denotes a foliatedmanifold
equippedwith a transverse action g→ X(M/F ) of a finite-dimensional Lie algebra
g, and π : (E,FE) → (M,F ) denotes a g-equivariant foliated vector bundle of rank
r with zero section ζ : M → E. The foliations are not required to be Riemannian,
but we do require the existence of a g-invariant Riemannian fibre metric gE which
satisfies ∇E,v gE  0 for all v ∈ X(F ), where ∇E is the partial connection of (E,FE).
We require also that the partial connection extends to a g-invariantF -basic metric
connection θ, by which we mean a connection on the orthogonal frame bundle PE
that is g-invariant and F -basic in the sense of § 2.5. For brevity we also assume
the vector bundle E to be oriented, noting only that the non-orientable case can be
handled by using formswith coefficients in the orientation bundle as in [6, § 7]. We
denote the translation functor on cochain complexes by [r]. So if (C, d) is a cochain
complex we have C[r]i  Ci+r and d[r]  (−1)rd. See Appendix C for a notation
index.
4.2. Statement of the theorem. Our goal is to prove the following g-equivariant
F -basic version of the Thom isomorphism theorem. Most of the notation and
hypotheses are listed in § 4.1; particularly important is the existence of a g-invariant
F -basic metric connection θ on the vector bundle E, without which the existence
of a basic Thom form is not guaranteed.
4.2.1. Theorem. (i) Fibre integration
π∗ : Ωg,cv(E,FE)[r] −→ Ωg(M,F )
is a homotopy equivalence. A homotopy inverse of π∗ is the Thom map
ζ∗ : Ωg(M,F ) −→ Ωg,cv(E,FE)[r]
defined by ζ∗(α)  τg ∧ π∗α, where τg ∈ Ωrg,cv(E,FE) is an equivariant basic
Thom form of E.
(ii) All equivariant basic Thom forms of E are cohomologous. Their cohomology
class Thomg(E,FE) ∈ H rg,cv(E,FE) is uniquely determined by the property
π∗(Thomg(E,FE))  1.
(iii) Hg,cv(E,FE) is a free Hg(M,F )-module of rank 1 generated by the Thom class
Thomg(E,FE).
We start by explaining the undefined terms used in the theorem.
4.3. Vertically compact supports. A subset of E is vertically compact if it is closed
and intersects each fibre of π in a compact set. We denote the family of all vertically
compact subsets by “cv” and say that a differential form on E is vertically compactly
supported if its support is a member of cv. The vertically compactly supported
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differential forms constitute a subcomplex Ωcv(E) of the de Rham complex Ω(E),
and we write its cohomology as Hcv(E). Every k-form in Ωcv(E) can be integrated
over the fibres of E and the result is a k − r-form on M. The fibre integration map
π∗ : Ωcv(E)[r] → Ω(M) (see Appendix B) has the properties
dπ∗  (−1)
rπ∗d , L(v)π∗  π∗L(w), ι(v)π∗  (−1)
rπ∗ι(w)
for every pair of π-related vector fields v ∈ X(M) and w ∈ X(E). It follows from
these properties that π∗ maps FE-basic forms to F -basic forms and restricts to a
degree −r morphism of g˜-modules
(4.3.1) π∗ : Ωcv(E,FE)[r] −→ Ω(M,F ),
where Ωcv(E,FE) denotes the g˜-module Ωcv(E) ∩Ω(E,F ) of vertically compactly
supported basic forms on E. The g˜-morphism (4.3.1) extends uniquely to an (Sg∗)g-
linear degree −r morphism of Weil complexes
π∗ : Ωg,cv(E,FE)[r] −→ Ωg(M,F ).
Theprojection formula (B.1) shows that thismap is a degree−r morphismof graded
left Ωg(M,F )-modules. The map in cohomology or in equivariant cohomology
induced by π∗ is also denoted by π∗.
4.4. Thom forms. Let K be the orthogonal groupO(r) and k  o(r) its Lie algebra.
An equivariant basic Thom form of E is an element τg ∈ Ωrg,cv(E,FE) which satisfies
π∗τg  1, dgτg  0, and the Chern-Gauss-Bonnet condition:
ζ∗τg 
{
0 if r is odd
(−2π)−r/2cg,θ(Pf) if r is even.
Here Pf denotes the Pfaffian, which is a k-invariant (but not K-invariant!) polyno-
mial of degree r/2 on k, and
(4.4.1) cg,θ : (Sk∗)k → Ω∗g(M,F )
denotes the g-equivariant characteristic homomorphism (2.5.6) of the foliated bun-
dle E, whose structure group is K0  SO(r), with respect to the g-invariantF -basic
orthogonal connection θ.
An equivariant basic Thom form can be obtained as follows. Let τ0 ∈ Ωrk ,c(R
r)
be a compactly supported modification of the Mathai-Quillen-Thom form on Rr
as defined in [17, § 10.3]; cf. also [25, § 8]. We regard τ0 as a k-basic element of the
k˜-moduleWk ⊗ Ωc(Rr). We regard this k˜-module as a submodule of the h˜-module
Wh ⊗ Ωc(R
r), where h is the product Lie algebra k × g and we let g act trivially
on Rr . The orthogonal frame bundle PE of E is a g-equivariant foliated principal
K-bundle over M with foliation FPE . The product PE × R
r has a foliation FPE × ∗,
where ∗ denotes the 0-dimensional foliation of Rr . The K-action and the transverse
g-action provide the complex M  Ωcv(PE × Rr ,FPE × ∗) with the structure of an
h˜-module. Since τ0 is k-basic, the pullback pr∗2(τ0) is an h-basic element ofWh⊗M.
Let Cg,θ be the g-equivariant Cartan-Chern-Weil homomorphism associated with
the g-invariant connection θ, as defined in §A.6. Then Cg,θ(pr∗2(τ0)) is an h-basic
element ofWg ⊗M. We summarize the situation with the diagram
τ0 ∈ Wk ⊗ Ωc(R
r) Wh ⊗ Ωc(R
r) Wh ⊗M Wg ⊗M.←֓ →
←
→
pr∗2 ←
→
Cg,θ
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The foliated vector bundle E is the quotient of PE×Rr by the free diagonal K-action,
so we can use Lemma 2.5.5 to compute the k-basic subcomplex ofM:
Mk-bas  Ωk-bas,cv(PE × R
r ,FPE × ∗)  Ωcv(E,FE).
Therefore the h-basic subcomplex ofWg ⊗M is
(Wg ⊗M)h-bas  (Wg ⊗Mk-bas)g-bas  Ωg,cv(E,FE).
The universal equivariant basic Thom form of (E, θ) is defined to be the image
τg,θ(E,FE)  Cg,θ(pr∗2(τ0)) ∈ Ω
r
g,cv(E,FE).
4.4.2. Lemma. The universal equivariant basic Thom form τg,θ(E,FE) is an equivariant
basic Thom form. It has the added property of being basic with respect to the foliation FE .
It is universal in the sense that τg, f ∗θ( f ∗E, f ∗FE)  f ∗Eτg,θ(E,FE) for all g-equivariant
foliate maps f : (M′,F ′) → (M,F ), where fE : f ∗E → E is the natural lift of f .
Proof. Put τ  τg,θ(E,FE). We have
∫
Ex
τ 
∫
Rr
τ0  1 for all x ∈ M, so π∗τ  1.
Also dgτ  0 because dkτ0  0 and the Cartan-Chern-Weil map is a cochain
map. Let j : 0 → Rr be the inclusion of the origin. Then ζ∗τ  j∗τ0, so the
Chern-Gauss-Bonnet condition follows from the fact that j∗τ0  0 if r is odd
and j∗τ0  (−2π)−r/2cg,θ(Pf) if r is even; see [24, § 7] or [17, (7.20)]. That τ is
FE-basic follows from the fact that pr2(τ0) is basic with respect to the projection
pr2 : PE × R → R. The universality property follows from the naturality of the
Cartan-Chern-Weil map with respect to maps. QED
Proof of Theorem 4.2.1. (i) Let τg be an equivariant basic Thom form of E. Then
π∗τg  1 ∈ Ω
0
g(M,F ), so by the projection formula
π∗ζ∗(α)  π∗(τg ∧ π
∗α)  π∗τg ∧ α  α
for all α ∈ Ωg(M,F ). This shows that π∗ζ∗  id. Our next task is to find a cochain
homotopy κg of the complex (Ωg,cv(E,FE), dg) with the property
ζ∗π∗ − id  dgκg + κgdg.
By definitionΩg,cv(E,FE) is theWeil complexMg  (Wg⊗M)g-bas of the g˜-module
M  Ωcv(E,FE), so it is enough to find a g˜-homotopy κ of the g˜-moduleWg ⊗M
with the property
(4.4.3) ζ∗π∗ − id  dκ + κd.
We regard the Thom form τg ∈ Mg as a d-closed g-basic element of Wg ⊗M. Let
β ∈Wg ⊗M. Then ζ∗π∗(β)  τg ∧π∗π∗(β). To rewrite this expression we introduce
the direct sum bundle E⊕E, which has two projection maps p1, p2 : E⊕E ⇒ E that
make up a pullback diagram
E ⊕ E E
E M.
←
→
p2
←
→p1
←
→ π
←
→
π
The pullback property (Lemma B.2(iii)) and the projection formula give
ζ∗π∗(β)  τg ∧ π
∗π∗(β)  τg ∧ p1,∗p
∗
2(β)  (−1)
rp1,∗(p
∗
1τg ∧ p
∗
2β).
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Write elements of E ⊕ E as pairs (a, b) and let φ(a, b)  (b, a) be the automorphism
that switches the two copies of E. Then p1φ  p2 and p2φ  p1, so
(4.4.4) ζ∗π∗(β)  (−1)rp1,∗(p∗1τg ∧ p
∗
2β)  (−1)
rp1,∗φ
∗(p∗2τg ∧ p
∗
1β).
Let M′  Ωcv(E ⊕ E,FE⊕E). The form p∗1β ∈ Ω(E ⊕ E,FE⊕E) is not vertically
compactly supported with respect to the bundle projection E ⊕ E → M, but the
product p∗
2
τg ∧ p∗1β is, and therefore
p∗2τg ∧ p
∗
1β ∈ Wg ⊗M
′.
We have φ  ̺ ◦ σ, where ̺ is the quarter-turn automorphism ̺(a, b)  (−b, a) and
σ is the automorphism σ(a, b)  (a,−b) of E ⊕ E. The map ̺ is homotopic to the
identity through the family of rotations R :
[
0, 12π
]
× (E ⊕ E) → E ⊕ E defined by
R(t , x , y) 
(
cos(t)x − sin(t)y , sin(t)x + cos(t)y
)
.
This homotopy is g-equivariant foliate, so by Lemma 2.4.1 it induces a g˜-homotopy
p∗R
∗ of the g˜-module Ω(E ⊕ E,FE⊕E),
(4.4.5) ̺∗ − id  dp∗R∗ + p∗R∗d ,
where p :
[
0, 12π
]
× (E ⊕ E) → E ⊕ E is the projection. The same homotopy formula
holds for the g˜-moduleWg⊗Ω(E ⊕E,FE⊕E) after we tensor the maps ̺∗, p∗ and R∗
with the identity idWg. The homotopy p∗R∗ preserves forms that are vertically com-
pactly supported with respect to the bundle projection E⊕E → M. In short, (4.4.5)
is valid as a g˜-homotopy of the g˜-moduleWg ⊗M′. Since φ  ̺ ◦ σ, this yields
φ∗  σ∗(id+dp∗R∗ + p∗R∗d).
We substitute this formula into (4.4.4),
ζ∗π∗(β)  (−1)
rp1,∗σ
∗(id+dp∗R
∗
+ p∗R
∗d)(p∗2τg ∧ p
∗
1β)
 p1,∗(id+dp∗R
∗
+ p∗R
∗d)(p∗2τg ∧ p
∗
1β)
 π∗π∗(τg) ∧ β + (p1,∗dp∗R
∗
+ p1,∗p∗R
∗d)(p∗2τg ∧ p
∗
1β)
 β + (−1)r
(
dp1,∗p∗R
∗l(p∗2τg)p
∗
1 + p1,∗p∗R
∗l(p∗2τg)p
∗
1d
)
(β)
 β + (dκ + κd)(β),
and so we see that (4.4.3) holds. Here we used the fact that p1,∗σ∗  (−1)rp1,∗
(since σ reverses the fibres of p1), the projection formula, the fact that [p1,∗ , d]  0
(Lemma B.2(ii)), and the fact that dτg  0. The notation l(γ) means left multiplica-
tion by a form γ, and the formula for the homotopy is
κ  (−1)rp1,∗ ◦ p∗ ◦ R
∗ ◦ l(p∗2τg) ◦ p
∗
1.
Since the maps p1, p2, R and p are g-equivariant and the form τg is g-basic, the
homotopy κ commutes with the contractions ι(ξ) and the derivations L(ξ) for all
ξ ∈ g, which shows that κ is a g˜-homotopy.
(ii) This assertion follows immediately from (i).
(iii) It follows from (i) that the Thom map in cohomology ζ∗ : H∗g(M,F ) →
H∗g,cv(E,FE) is an isomorphism of H
∗
g(M,F )-modules. Hence H
∗
g,cv(E,F ) is free
on the single generator ζ∗(1)  [τg]. QED
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4.5. Euler forms. Weassume as in § 4.1 that the foliatedRiemannian vector bundle
(E,FE) is oriented and admits a g-invariant F -basic metric connection θ. Then
we have a g-equivariant characteristic homomorphism cg,θ as in (4.4.1). The g-
equivariant F -basic Euler form of the foliated Riemannian vector bundle E is the
element ηg,θ(E,FE) ∈ Ωrg(M,F ) given by
ηg,θ(E,FE) 
{
0 if r is odd
(−2π)−r/2cg,θ(Pf) if r is even.
The next statement follows immediately from the Thom isomorphism theorem.
4.5.1. Proposition. (i) The Euler form satisfies ηg,θ(E,FE)  ζ∗(τg,θ(E,FE)) 
ζ∗ζ∗(1), where τg,θ(E,FE) is a universal Thom form of E. The map
ζ∗ζ∗ : Ωg(M,F ) −→ Ωg(M,F )[r]
is equal to left multiplication by the Euler form.
(ii) The Euler form satisfies the naturality property
ηg, f ∗θ( f
∗E, f ∗FE)  f
∗ηg,θ(E,FE)
for all g-equivariant foliate maps f : (M′,F ′) → (M,F ).
(iii) All equivariant basic Euler forms of E are cohomologous. Their cohomology
class Eulerg(E,FE) ∈ H rg (M,F ) is uniquely determined by the property that
Eulerg(E,FE)  ζ∗(Thomg(E,FE))  ζ∗ζ∗(1).
We next explain a simple but useful formula for the restriction of the Euler form
to a point, which holds when g is abelian and the fixed-leaf set Eg is equal to the
zero section ζ(M). This formula is well known for torus actions on manifolds;
see e.g. [3, § 3] or [8, § 1]. For ease of notation we identify ζ(M) with M. The
assumption Eg  M implies that E is orientable; see the proof of [31, Corollary 4.8].
The transverse g-action on M being trivial, the transverse g-action on E is tangent
to the fibres of E. The foliation induced by FE on each fibre Ex is the trivial 0-
dimensional foliation, soonEx wehave a linearg-action in theusual sense. Thefibre
metric of E is by assumption g-invariant, so for each x ∈ M the transverse g-action
on E is given by an infinitesimal orthogonal representation ax : g → o(Ex , gE,x).
Since ax leaves only the origin of Ex fixed, we have a real isotypical decomposition
Ex 
⊕
λ∈g∗\{0}
R2(λ)⊕m(λ),
where R2(λ) is a copy of R2 on which g acts through the infinitesimal rotations
(4.5.2) ξ 7−→ 2πλ(ξ)
(
0 −1
1 0
)
,
and where m(λ) is the multiplicity of R2(λ). Since R2(λ)  R2(−λ), the weights λ
are defined only up to sign, but we will regard each R2(λ) as an oriented represen-
tation (by giving each R2 the standard orientation) and insist on the isotypical de-
composition being an isomorphism of oriented representations. Then the product
λx 
∏
λ∈g\{0} λ
mλ ∈ Sr/2g∗ of all the weights in Ex is independent of sign choices.
Our vector bundle comes equippedwith an invariantmetric connection, so a paral-
lel transport argument shows that the oriented representation ay : g→ o(Ey , gE,y)
is equivalent to ax for all y in the connected component of x. In particular ay has
the same weights as ax up to sign, and the same weight product λy  λx .
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4.5.3. Proposition. Suppose that M is connected, that g is abelian, and that Eg  M. Let
η  ηg,θ(E,FE) ∈ Ωrg(M,F ) be the Euler form of E and let η0 be the component of η in
Sg∗⊗Ω0(M,F ). Let x ∈ M, let j : {x} → M be the inclusion, and let ax : g→ o(Ex , gE,x)
be the g-action on the fibre Ex .
(i) The rank r  2l of E is even.
(ii) Let λ1, λ2, . . . , λl ∈ g∗ be the weights of the action ax . Then η0  j∗(η) 
λ1λ2 · · · λl ∈ S
lg∗.
(iii) The Euler form η becomes invertible inΩg(M,F ) after inverting the weights λ1,
λ2, . . . , λl .
Proof. (i) This follows from the g-isotypical decomposition of the fibre Ex .
(ii) The g˜-module Ω(M,F ) is trivial because Eg  M. This implies that the
Weil complex is Ωg(M,F )  Sg∗ ⊗Ω(M,F ) with differential dg  id ⊗ d. Because
η is closed, this shows that the component η0 ∈ Slg∗ ⊗ Ω0(M,F ) of η is closed,
which means that η0  j∗(η). The naturality property of the Euler class, Propo-
sition 4.5.1(ii), with respect to the map j yields j∗(η)  ηg, j∗θ(Ex) ∈ Ωg({x}). The
g-equivariant characteristic homomorphism (Sk∗)k → Ωg({x})  Sg∗ for the princi-
palK0-bundle over the one-point space x is just the restrictionmap a∗x : (Sk
∗)k → Sg∗,
so j∗(η)  (−2π)−la∗x(Pf) by definition of the Euler form. The polynomial a
∗
x(Pf) is
the product of the Pfaffians of the matrices (4.5.2), i.e. a∗x(Pf)  (−2π)
lλ1λ2 · · · λl ,
and hence j∗(η)  λ1λ2 · · · λl .
(iii) The form η − η0 ∈ Sg∗ ⊗ Ω+(M,F ) is nilpotent. It follows from (ii) that
η0  λ1λ2 · · · λl is a nonzero element of Slg∗. Therefore η is invertible in the
localization of the Sg∗-algebraΩg(M,F ) at the weights λi . QED
The utility of (iii) is that the localization map
Ωg(M,F ) → Ωg(M,F )
[
(λ1 · · · λl)
−1
]
is injective, because the weights in g∗\{0} are not zero divisors in Sg∗. Identities
involving equivariant basic forms can therefore be verified in the localized algebra,
which is easier to handle.
5. Borel-Atiyah-Segal localization
An isometric transverse Lie algebra action on a Riemannian foliated manifold
can be locally linearized and gives rise to a tidy stratification of the manifold by
orbit type, just as in the case of a smooth compact Lie group action. We use this to
derive a localization theorem in equivariant basic cohomology akin to the Borel-
Atiyah-Segal theorem of ordinary equivariant cohomology theory. This answers a
question posed in [14, Remark 3.22]. The important case where the Lie algebra is
Molino’s structural Lie algebra of a Killing foliation was handled earlier in [15, § 5].
5.1. Notation and conventions. See §§ 2.1–2.2 for our general conventions regard-
ing foliations and transverse Lie algebra actions. Throughout § 5 g denotes a finite-
dimensional Lie algebra and M denotes a manifold equipped with a complete Rie-
mannian foliation (F , g) and an isometric transverse action a : g → K(M/F , g).
For ξ ∈ g we denote the transverse vector field a(ξ) by ξM and a foliate represen-
tative of ξM (which is determined up to a vector field tangent to F ) by ξ˜M . By
a submanifold of M we will mean an embedded submanifold. We will allow our
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submanifolds to be “impure”, meaning that they may have connected components
of different dimensions.
5.2. The orbit type stratification. We will extend to the setting of isometric trans-
verse actions some of the usual linearization and stratification theorems of com-
pact transformation group theory, as set forth e.g. in [7, § IX.9]). A little caution is
needed: orbits of Lie algebra actions may not have tubular neighbourhoods (e.g.
Kronecker’s dense line in the torus), so there is no “slice theorem”.
Our first result says that the g-action can be linearized at a fixed leaf, which is
the analogue of the Bochner linearization theorem. A subspaceW of a vector space
V defines a foliation of V, whose leaves are the affine subspaces parallel to W and
whose leaf space is the quotient V/W . We call this the linear foliation of V defined
by W .
5.2.1. Proposition. Let x ∈ Mg. Let FT be the linear foliation of the tangent space
T  Tx M defined by the linear subspace F  TxF .
(i) The inner product gx on T/F defines a transverse Riemannian metric on (T,FT).
The Lie algebra g acts transversely on (T,FT) by linear infinitesimal isometries.
(ii) There is a g-equivariant foliate open embedding ψ : T → M with the properties
ψ(0)  x and T0ψ  idT .
Proof. (i) The quotient vector space T/F is the fibre at x of the normal bundle
NF of the foliation, so it carries the inner product gx . The normal bundle of
the linear foliation FT is the trivial bundle over T with fibre T/F, so the inner
product gx defines a translation-invariant transverse Riemannian metric on the
foliated manifold (T,FT). The Lie algebra of isometric linear transverse vector
fields on (T,FT) is equal to so(T/F), the Lie algebra of skew-symmetric linear
endomorphisms of the inner-product space T/F. For ξ ∈ g the transverse vector
field ξ¯M vanishes at x, so ξ¯T  ad ξ¯M,x is a well-defined linear endomorphism of
the fibre NxF  T/F, which is skew-symmetric because ξ¯M preserves g. The map
ax : g → so(T/F) that sends ξ to ξ¯T defines a linear isometric transverse g-action
(T,FT).
(ii) Choose a transversal S to the foliation F at x. The transverse metric g
induces a genuine Riemannian metric gS on S and the transverse g-action on M
induces a homomorphism g → K(S, gS), i.e. a genuine g-action by Killing vector
fields on the Riemannian manifold (S, gS). Since x ∈ S is g-fixed, for ξ ∈ g each
trajectory of the vector field ξS stays at a fixed distance from x, which shows that
the ξS are complete on a sufficiently small ball B about x. Let h be the image of
g in K(S, gS). By the Lie-Palais theorem the h-action exponentiates to an action
of H, a connected immersed Lie subgroup of the isometry group of (S, gS) with
Lie algebra h. Let K be the closure of H in the isometry group. Then K fixes x
and is therefore compact, and we have Lie algebra homomorphisms g → h → k.
Let E  TxS. Then E is a subspace of T complementary to F, so it is an inner
product space isomorphic to T/F, and the linearization of the K-action at x is a
homomorphism k→ so(E). By the usual Bochner linearization theorem (see e.g. [7,
§ IX.9, Proposition 5]) there exists (after replacing B by a smaller ball if necessary)
a K-equivariant diffeomorphism φE : B → E mapping x to 0 and with derivative
T0φE  idE. Since φE is K-equivariant, it is also g-equivariant, which is to say that
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the diagram
(5.2.2)
so(E) X(E)
g
K(B, gB) X(B)
←
→
←
→ φ
∗
E
← →ax
←
→a
←
→
commutes. As B ⊆ S is transverse to the foliation F at x, we can (again after
shrinkingB if necessary) extendφE to a foliation chartφ : U → T with the following
properties: φ is defined on an open subset U of M such that B is the leaf space
of the foliation F |U , φ maps the foliation FT to F |U , and T0φ  idT . Transverse
vector fields on U are the same thing as vector fields on B, and likewise transverse
vector fields on T are the same thing a vector fields on E. The diffeomorphism φ is
foliate, so the diagram
X(E) X(T/FT)
X(B) X(U/F |U )
←
→ φE,∗
←
→

←
→ φ∗
←
→

commutes. Combining this diagram with (5.2.2) we see that φ is g-equivariant.
We conclude that the map ψ  φ−1 satisfies our requirements. QED
The linearization theorem tells us that the fixed-leaf set is a submanifold.
Molino’s theory implies that this set has the additional property of being invariant
under the centralizer Lie algebroid c ⋉F , i.e. it is a union of leaf closures.
5.2.3. Proposition. For every Lie subalgebra h of g the fixed-leaf set Mh is an (h× c)⋉F -
invariant closed submanifold of M.
Proof. The (h × c) ⋉ F -invariance follows from Proposition 3.3.2(ii). Every subal-
gebra h acts isometrically transversely on M, so it is enough to prove the rest of
the assertion for h  g. That Mg is closed is evident from the smoothness of the
transverse vector fields ξM . Let x ∈ Mg. We compute Mg in the chart at x given by
Proposition 5.2.1. The tangent space T  TxM is a direct sum T  E⊕ F, where E is
an inner-product space with a linear isometric g-action and the foliation of T is the
linear foliation defined by F. Thus Tg  Eg ⊕ F, where Eg is the g-fixed subspace of
E. It follows that Mg is a submanifold. QED
The next result is a replacement for the slice theorem, which for the sake of
brevity we state only in the abelian case.
5.2.4. Proposition. Suppose that g is abelian. Let x ∈ M. Put h  stab(x , g ⋉ F ),
T  TxM, and F  TxF . Choose an h-invariant subspace V of T/F  NxF which is
complementary to the subspace { ξM,x | ξ ∈ g } of T/F. Choose a complement k of h in
g. Equip the product Y  k × V × F with the foliation given by the fibres of the projection
Y → F, and define a transverse g  k × h-action on Y via the translation action of k on
itself and the linear action of h on V. There exist an open neighbourhood U of (0, 0, 0) ∈ Y
and a g-equivariant foliate embedding ζ : U → M that maps (0, 0, 0) to x.
Proof. Choose a transversal S to the foliation at x and let E  TxS. The projection
T → T/F restricts to an isomorphism of h-modules E  T/F. Let us identify E
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with T/F. Then the subspace V of E is an h-invariant complement to the tangent
space of the g-orbit of x in the Riemannian g-manifold S. Let φ : T → M be a
map with the properties of Proposition 5.2.1 (relative to the action of h instead of
g). For ξ ∈ k let exp(tξS) denote the flow of the vector field ξS on S. Then the
map ζS(ξ, v)  exp(ξS)(φ(v)) : B → S is well-defined on a sufficiently small open
neighbourhood B of (0, 0) ∈ k × V. Moreover, T(0,0)ζS is bĳective and, because
g  k×h is abelian, ζS is g-equivariant. Hence, after shrinking B if necessary, ζS is a
g-equivariant embedding onto an open neighbourhood BS of x in S. Composing ζS
with a foliation chartBS×BF → M centred at x, where BF is anopenneighbourhood
of 0 ∈ F, and putting U  B × BF, we obtain the required map ζ. QED
Let h be a Lie subalgebra of g. We say that x ∈ M has symmetry type h if the
stabilizer stab(x , g ⋉F ) is equal to h, and we define
Mh  { x ∈ M | stab(x , g ⋉F )  h }.
There is an obvious inclusion Mh ⊆ Mh.
5.2.5. Proposition. Suppose that g is abelian.
(i) For every Lie subalgebra h of g the symmetry type set Mh is a (g×c)⋉F -invariant
open submanifold of Mh.
(ii) Every x ∈ M has a (g×c)⋉F -invariant open neighbourhoodU with the property
that stab(y , g ⋉F ) ⊆ stab(x , g ⋉F ) for all y ∈ U , and U ∩ Mh is empty for
all but finitely many subalgebras h of g. In particular, if M/F is compact, the
collection of h for which Mh is nonempty is finite.
Proof. (i) Let x ∈ Mh. Since g is abelian, every element of the orbit (g ⋉ F )(x)
has stabilizer equal to h. Therefore, by Proposition 3.3.2(ii), every element of the
orbit ((g × c) ⋉F )(x) has stabilizer h. This shows that Mh is (g × c) ⋉F -invariant.
The symmetry type set Yh of the model manifold Y of Proposition 5.2.4 is equal to
Yh  Y
h
 k × Vh × F. It now follows from Proposition 5.2.4 that Mh is an open
subset of Mh.
(ii) Let x ∈ M and h  stab(x , g ⋉ F ). The projection M → M/F is open,
so by (i) it is enough to show that x has an open neighbourhood U such that
(a) stab(y , g ⋉F ) ⊆ stab(x , g ⋉F ) for all y ∈ U , and (b) U intersects only finitely
many symmetry type manifolds Ml . Assertion (a) follows from Proposition 5.2.4
by noting that the stabilizer of every point in the model manifold Y is contained
in h. Assertion (b) is proved by induction on the codimension q of the foliation
F . The case q  0 is trivial. Suppose the assertion is proved for all abelian Lie
algebras a and all Riemannian foliatedmanifolds (X,FX) equippedwith isometric
transverse a-actions, where FX is of codimension less than q. Let us deduce that
the assertion is true for M. Again computing in the model manifold Y at x, for
each subalgebra l of g we have Yl  ∅ if l is not contained in h, and if l is contained
in h
Yl  k × Vh × V
′
l
× F,
where V′ is the orthogonal complement of Vh in V. The symmetry type manifold
(V′)l of the orthogonal h-module V′ is preserved by multiplication by nonzero
scalars, and V′
h
 {0}. Hence V′
l
for l , h intersects the unit sphere S(V′), which
is an h-invariant submanifold of V′. In other words, the set { l ( h | Yl , ∅ } is in
bĳective correspondence with the set { l ( h | S(V′)l , ∅ }. Since S(V′) is compact
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and has dimension < q, the induction hypothesis tells us that S(V′), and hence
Y, contains only finitely many symmetry types, which completes the induction
step. QED
5.3. Contravariant localization. The following theorem is a foliated version of
results due to Borel, Atiyah and Segal, which can be found in [3, § 3], [19, § III.2],
or [12, § III.3]. Let ig : Mg → M be the inclusion of the fixed-leaf manifold. Recall
that the equivariant cohomology groups Hg(M,F ) and Hg(Mg ,F ) are modules
over the ring Sg∗.
5.3.1. Theorem. Let g be abelian and M/F compact. The kernel and the cokernel of
the restriction homomorphism i∗g : Hg(M,F ) → Hg(M
g ,F ) have support in the cone
ΓM 
⋃
x∈M\Mg stab(g ⋉F , x).
Proof. Since M/F is compact, the collection of subalgebras h for which Mh is
nonempty is finite by Proposition 5.2.5(ii). Hence the cone ΓM is the union of
a nonempty finite collection of proper linear subspaces h j . For each j choose a
nonzero f j ∈ g∗ which vanishes on h j and let f 
∏
j f j ∈ Sg
∗. It is enough to
show that i∗g becomes an isomorphism after inverting f , i.e. after localizing Sg
∗ at
the multiplicative set S  { f n | n ∈ N }. Let U be a (g × c) ⋉F -invariant tubular
neighbourhood of Mg (the existence of which is guaranteed by Proposition 3.3.4)
and let V  M\Mg . Choose ξ ∈ g satisfying f (ξ) , 0. Then ξ ∈ g\ΓM , so ξM,x , 0
for all x ∈ V, which is to say that the transverse action of the Lie subalgebra k  Rξ
of g on V is free. Let h be a hyperplane contained in the zero locus of f ; then
g  k ⊕ h. LetM be the g˜  k˜ × h˜-moduleΩ(V,F |V ). Applying Theorem A.6.3 toM
yields a homotopy equivalence of complexes of Sg∗-modulesMg ≃M′, where
M′  (Wh ⊗Mk-bas)h-bas.
Since f  0 on h, the element f ∈ Sg∗ acts on M′ by multiplication on the fac-
tor Mk-bas. Now Mk-bas is a subcomplex of the de Rham complex of the finite-
dimensional manifold V, and f has positive degree, so a sufficiently high power of
f annihilatesMk-bas, and henceM′. It follows that the localization of Hg(V,F |V ) 
Hg(M)  H(M
′) at S is equal to 0. By the same argument, the localization of
Hg(U ∩ V,F |U∩V ) at S is equal to 0. The equivariant Mayer-Vietoris sequence
· · · Hg(M,F ) Hg(U,F |U) ⊕ H∗g(V,F |V ) Hg(U ∩ V,F |U∩V ) · · ·
←
→
←
→
←
→
←
→
is exact (Proposition 3.3.7), so after localizing at S we get an isomorphism
i∗g : S
−1Hg(M,F ) S−1Hg(U,F |U) S−1Hg(Mg ,F |Mg ),
←
→
 ←
→

where the second isomorphism follows from Lemma 2.4.1. QED
5.3.2. Corollary. Let g be abelian and M/F compact. Then
rank(Heveng (M,F ))  dim(H
even(Mg ,F )),
rank(Hoddg (M,F ))  dim(H
odd(Mg ,F )).
Proof. Theorem 5.3.1 shows that the Sg∗-modules Hg(M,F ) and Hg(Mg ,F ) have
the same rank. Because the g-action on Mg is trivial, we have Hg(Mg ,F )) 
Sg∗ ⊗ H(Mg ,F ), so the rank of Hg(Mg ,F ) is equal to the dimension of the vector
space H(Mg ,F ). The same argument applies to the even and odd parts, because
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localization of a Z-graded Sg∗-module at an ideal preserves the Z/2Z-grading.
QED
6. Atiyah-Bott-Berline-Vergne localization
In this section we derive from the contravariant Borel-Atiyah-Segal localization
theorem, Theorem 5.3.1, a covariant localization formula in equivariant basic co-
homology, Theorem 6.3.1. Pushing forward to a point then yields an integration
formula, Theorem 6.3.2, akin to the formulas of Atiyah and Bott [3] and Berline
and Vergne [5]. An immediate consequence is a Duistermaat-Heckman formula
for transversely symplectic foliations, Theorem 6.3.3.
6.1. Notation and conventions. In § 6we denote byg a finite-dimensional Lie alge-
bra and by M a connectedmanifold equippedwith a complete Riemannian foliation
(F , g) of codimension q and an isometric transverse action a : g → K(M/F , g).
We assume for simplicity that the foliation (M,F ) is transversely oriented and
taut, which implies that the Molino manifold W is orientable. For ξ ∈ g we denote
the transverse vector field a(ξ) by ξM . See Appendix C for a notation index.
6.2. Transverse integration and fundamental classes. Molino’s structure theory
enabled Sergiescu [30] to define the integral of a basic differential form “across”
the leaves of a Riemannian foliation. Unlike the integral of a differential form over
a manifold, this transverse integral is not canonically defined, but depends on two
choices, the first of which affects the integral by a multiplicative constant, and the
second of which only affects the integral of non-closed forms. However, it does
satisfy Stokes’ formula and Poincaré duality. We review the transverse integral and
showhow the fundamental class in equivariant basic cohomology of a submanifold
is represented by the equivariant basic Thom form of its normal bundle.
Let νk be the volume element on k defined by the normalized invariant inner
product gk . LetθLC be the transverseLevi-Civita connectionof theMolinobibundle
P. Then ν  θ∗LC(νk) is anFP-basic formonP that restricts to a normalized invariant
volume form on each fibre of the bundle π : P → M. The projection formula gives
π∗(ν ∧ π∗α)  π∗ν ∧ α  α for all forms α on M, which means that the map
Ω(M,F ) −→ Ω(P,FP) : α 7−→ ν ∧ π
∗α
is a right inverse of the fibre integration map π∗.
The foliation being taut, we can choose a nonzero global flat section s of the
real line bundle det(c), where c is the centralizer bundle of (M,F ) defined in
Theorem 3.2.5. For every β ∈ Ω(P,FP) the contraction ιπ†(s)β with the multivector
field π†(s) is well-defined. Every FP-basic form is FP-invariant, so ιπ†(s)β is FP-
basic and therefore equal to ̺∗γ for a unique form γ on W , which we will denote
by γ  ̺†ιπ†(s)β.
Let us call a subset of M transversely compact if it is closed and its image in the
leaf closure space M/F is compact. A subset C of M is transversely compact
if and only if the corresponding subset ̺(π−1(C)) of the Molino manifold W is
compact. We denote the family of all transversely compact subsets by “ct”. The
basic differential forms with transversely compact supports constitute a subcom-
plex Ωct(M,F ) of the basic de Rham complex Ω(M,F ). The transverse integral is
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the R-linear functional
⨏
M
: Ωct(M,F ) → R defined by⨏
M
α 
∫
W
̺†ιπ†(s)(π
∗α ∧ ν)
for α ∈ Ωct(M,F ). Here we adopt the usual convention that
∫
W
β is the integral of
the component of β of degree dim(W)  q+ 12 q(q−1)−r. (See table of dimensions in
AppendixC.) If α is homogeneous of degree j, then the degree of ̺†ιπ†(s)(π
∗α∧ν) is
j+ 12 q(q− 1)− r, where r is the rank of the centralizer bundle c. It follows that
⨏
M
α
is the transverse integral of the component of α of degree q  dim(M) − dim(F ).
Here are the main properties of the transverse integral, mostly due to Sergiescu.
6.2.1. Theorem. (i) Changing the nonzero flat section s of det(c) affects the trans-
verse integral by a nonzero multiplicative constant.
(ii) Let α ∈ Ωct(M,F ). Then
⨏
M
dα  0 (Stokes’ formula) and
⨏
M
L(v)α ⨏
M
ι(v)α  0 for all transverse Killing vector fields v ∈ K(M/F , g).
(iii) Let α ∈ Ω(M,F ). Then α  0 if and only if
⨏
M
α∧β  0 for all β ∈ Ωct(M,F ).
(iv) Poincaré duality: the pairing
H(M,F ) × Hct(M,F ) → R
defined by ([α], [β]) 7→
⨏
M
α ∧ β induces an isomorphism H(M,F )[q] →
Hct(M,F )∗.
Proof. (i) This follows from the assumption that M is connected and that the folia-
tion is taut, which implies that the space of flat sections of det(c) is 1-dimensional.
(ii) Stokes’ formula is proved in [30, § 2], and the identity
⨏
M
ι(v)α  0 holds
because a basic form α of degree q + 1 is equal to 0. It follows that
⨏
M
L(v)α ⨏
M
(dι(v)α + ι(v)dα)  0.
(iii) and (iv) are proved in [30, § 2]. QED
The transverse integral extends to aWg-linear functional⨏
M
 idWg ⊗
⨏
M
: Wg ⊗ Ωct(M,F ) −→Wg.
6.2.2. Lemma. The Wg-linear extension of
⨏
M
is a g˜-morphism of degree −q. Hence⨏
M
α ∈ (Sg∗)g and
⨏
M
dgα  0 for all α in the Weil complexΩg,ct(M,F ).
Proof. That
⨏
M
is a g˜-morphism follows from Theorem 6.2.1(ii). By definition
α ∈ Ωg,ct(M,F ) is a g-basic element ofWg⊗Ωg,ct(M,F ). Hence
⨏
M
α ∈ (Wg)g-bas 
(Sg∗)g. The differential of the Weil algebra dWg vanishes on basic elements by
Proposition A.4.2(iii), so
⨏
M
dgα  dWg
⨏
M
α  0. QED
LetX be a co-orientedg⋉F -invariant closed submanifold ofM of codimension r.
Then the corresponding G×K-invariant submanifold XW  ̺(π(X)) of the Molino
manifold W is oriented. For simplicity let us write π for the restriction of π to
XP  π−1(X), and similarly for ̺, ν, and s. Then for α ∈ Ωct(X,F )we define⨏
X
α 
∫
XW
̺†ιπ†(s)(π
∗α ∧ ν).
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This is the transverse integral of the component of α of degree dim(X) − dim(F ).
The transverse integral
⨏
X
has aWg-linear extension just like
⨏
M
.
Let iX  i : X → M be the inclusion map, let NX be the normal bundle of
X, and let ζ : X → NX be the zero section. Let f : NX → M be an equivariant
foliate tubular neighbourhood embedding as in Proposition 3.3.4. The pushforward
or Gysin homomorphism
iX,∗  i∗ : Ω(X,FX)[−r] → Ω(M,F )
is defined by i∗  f∗ ◦ ζ∗, i.e. i∗β  f∗(τX ∧ π∗Xβ). Here f∗ denotes extension by zero
and τX  τg(NX,FNX) is the universal equivariant basic Thom form of NX. The
properties of i∗ are similar to those in the non-equivariant non-foliated case.
6.2.3. Proposition. (i) The form i∗1  f∗τX ∈ Ωr(M,F ) is Poincaré dual to X in
the sense that
⨏
X
i∗α 
⨏
M
i∗1 ∧ α for all α ∈ Ωct(M,F ).
(ii) The homomorphisms i∗ and i∗ are adjoint in the sense that⨏
X
β ∧ i∗α 
⨏
M
i∗β ∧ α
for all α ∈ Ωct(M,F ) and β ∈ Ω(X,FX).
(iii) The pushforward homomorphism is Ω(M,F )-linear: i∗(β ∧ i∗α)  i∗β ∧ α for
all α ∈ Ωct(M,F ) and β ∈ Ω(X,FX).
(iv) The pushforward homomorphism i∗ is a morphism of g˜-modules. A different
choice of equivariant basic Thom form τX or of tubular neighbourhood embedding
f affects i∗ by a g˜-homotopy. Hence the maps in cohomology and in equivariant
cohomology induced by i∗ are independent of the choice of τX and of f .
Proof. (i) By definition⨏
M
i∗1 ∧ α 
⨏
M
f∗τX ∧ α 
∫
W
̺†ιπ†(s)
(
π∗( f∗τX ∧ α) ∧ ν
)
.
The universal Thom form τX is FNX-basic (Lemma 4.4.2), so ιπ†(s)π
∗ f∗(τX) 
π∗ f∗ιs(τX)  0. Under the Molino correspondence M ↔ W the submanifold X
corresponds to the submanifold XW  ̺(π−1(X)) and we have an isomorphism of
metric vector bundles with connection π∗NX  ̺∗NXW . (See Remark 3.3.5.) The
universality property of the Thom form (Lemma 4.4.2) gives π∗(τX)  ̺∗(τXW ),
where τXW is the universal Thom form of the bundle NXW . Hence⨏
M
i∗1 ∧ α 
∫
W
̺†ιπ†(s)
(
π∗( f∗τX ∧ α) ∧ ν
)

∫
W
fW,∗τXW ∧ ̺†ιπ†(s)
(
π∗α ∧ ν
)

∫
XW
i∗XW ̺†ιπ†(s)
(
π∗α ∧ ν
)

⨏
X
i∗α,
where we used the fact that the Thom form τXW represents the Poincaré dual of
the submanifold XW ; see e.g. [6, Proposition 6.24].
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(ii) Using i∗β  i∗1 ∧ f∗π∗Xβ and (i) yields⨏
M
i∗β ∧ α 
⨏
M
i∗1 ∧ f∗π
∗
Xβ ∧ α 
⨏
X
i∗( f∗π
∗
Xβ ∧ α) 
⨏
X
β ∧ i∗α
for all α ∈ Ωct(M,F ) and β ∈ Ω(X,FX).
(iii) Replacing α with α ∧ γ in (ii) gives⨏
M
i∗(β ∧ i
∗α) ∧ γ 
⨏
X
β ∧ i∗α ∧ i∗γ 
⨏
X
β ∧ i∗(α ∧ γ) 
⨏
M
i∗β ∧ α ∧ γ
for all α, γ ∈ Ω(M,F ) and β ∈ Ωct(X,FX). Therefore i∗(β ∧ i∗α)  i∗β ∧ α by
Theorem 6.2.1(iii).
(iv) That i∗  f∗◦ζ∗ is g˜-linear follows from the fact that τg is g-equivariant. If τ′g is
another equivariant Thom form, then τ′g−τg  dυ for some equivariant basic form υ
by Theorem 4.2.1(ii), so l(τ′g)− l(τg)  [d , l(υ)], where “l”means leftmultiplication.
If f ′ : NX → M is another equivariant foliate tubular neighbourhood embedding,
then there is an equivariant foliate isotopy F : [0, 1] × NX → M from f to f ′
(Proposition 3.3.4). The track of this isotopy Fˆ : [0, 1] × NX → [0, 1] × M gives an
extension by zero map
Fˆ∗ : Ω([0, 1] × NX, ∗ ×FNX) → Ω([0, 1] × M, ∗ ×F ).
Let prNX : [0, 1] × NX → NX and prM : [0, 1] × M → M be the projections and
define κ to be the composition
Ω(NX,FNX) Ω([0, 1] × NX, ∗ ×FNX)
Ω([0, 1] × M, ∗ ×F ) Ω(M,F )[−1].
←
→
pr∗NX
←
→
Fˆ∗ ←
→
prM,∗
Using Lemma B.2 one checks that f ′∗ − f∗  [d , κ]. QED
We close this section by stating in slightly different words a point made by
Töben. The transverse integral
⨏
Y
1 of 1 ∈ Ω0(M,F ) over a connected F -invariant
closed submanifold Y of M is well-defined if and only if Y is a closed leaf of F .
Now suppose the submanifold X has the property that all leaves of FX are closed.
Then the leaf space X/FX  X/FX  XW/K is an orbifold (Proposition 3.3.10),
and a basic differential form β on X represents a differential form on the orbifold.
The transverse integral
⨏
X
β relates to the orbifold integral
∫
X/FX
β as follows.
The principal stratum of X is the open dense subset Xprin consisting of all x ∈ X
for which the holonomy of FX vanishes at x. The corresponding submanifold
̺(π(Xprin)) of the Molino manifold W is equal to the principal orbit type stratum
of XW considered as a K-manifold.
6.2.4. Proposition ([31, Lemma 5.4]). Suppose that the leaves of FX are closed. Then
the transverse integral c 
⨏
F (x)
1 is independent of x ∈ Xprin and for all β ∈ Ωct(X,F )
we have ⨏
X
β  (−1)
1
2 q(q+1)c
∫
X/FX
β.
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6.3. Covariant localization. By Proposition 5.2.3 the fixed-leaf manifold Mg is a
(g× c)⋉F -invariant closed submanifold of M. As discussed in § 4.5, if g is abelian,
every connected component X of Mg is co-oriented and of even codimension 2lX .
We can therefore assemble the pushforward homomorphisms to a single map
ig,∗ 
∑
X
iX,∗ :
⊕
X
Ωg(X,FX)[−2lX] −→ Ωg(M,F ),
where X ranges over the connected components of Mg. For each X the normal bun-
dle NX is a foliated Riemannian vector bundle and inherits a g-invariant F -basic
metric connection from the transverse Levi-Civita connection on NF . Therefore
NX has a well-defined equivariant basic Euler form ηX ∈ Ω
2lX
g (X,F ) and a well-
defined weight product λX ∈ SlXg∗. By Proposition 4.5.3(iii) the forms ηX become
invertible after extending the ringof scalarsSg∗ by inverting theλX , so the following
statement makes sense.
6.3.1. Theorem (covariant localization). Let g be abelian and M transversely compact.
The Sg∗-linear homomorphism ig,∗ 
∑
X iX,∗ induces an isomorphism on cohomology
after inverting the weight products λX ∈ Sg∗ and any f ∈ Sg∗ that vanishes on the cone
ΓM 
⋃
x∈M\Mg stab(g ⋉F , x). The inverse of this isomorphism is induced by the map i
!
g
given by
i!g(α) 
∑
X
η−1X ∧ i
∗
Xα,
where the sum is over the connected components X of the fixed-leaf manifold Mg.
Proof. By Proposition 4.5.1(i), for all β ∈ Ωg(Mg ,FMg ) and for all components X of
Mg we have
i∗X iX,∗β  ζ
∗
XζX,∗β  ζ
∗
X(τg(NX,FNX) ∧ π
∗
Xβ)  ηX ∧ i
∗
Xβ,
and therefore
i!g(ig,∗β) 
∑
X
η−1X ∧ i
∗
X iX,∗β 
∑
X
η−1X ∧ ηX ∧ i
∗
Xβ 
∑
X
i∗Xβ  β,
which shows that i!g ◦ ig,∗  id. Let i
∗
g 
∑
X i
∗
X : Ωg(M,F ) → Ωg(M
g ,FMg ) be the
restriction map. For all α ∈ Ωg(M,F ) we have
i∗g ig,∗ i
!
g(α) 
∑
X
i∗X iX,∗(η
−1
X ∧ i
∗
Xα) 
∑
X
ηX ∧ η
−1
X ∧ i
∗
Xα 
∑
X
i∗Xα  i
∗
gα,
which shows that i∗g ◦ ig,∗ ◦ i
!
g  i
∗
g. By the contravariant localization theorem,
Theorem 5.3.1, i∗g induces an isomorphism on cohomology, so we conclude that
ig,∗ ◦ i
!
g induces the identity on cohomology. QED
Pushing forward to a point now gives an integration formula, which is a foliated
version of the formulas of Atiyah and Bott [3] and Berline and Vergne [5].
6.3.2. Theorem. Let g be abelian and M transversely compact. Then⨏
M
α 
∑
X
⨏
X
η−1X ∧ i
∗
Xα
for all dg-closed α ∈ Ωg(M,F ), where the sum is over the connected components X of the
fixed-leaf manifold Mg.
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Proof. It follows from Theorem 6.3.1 and from Stokes’ formula (Theorem 6.2.1(ii))
that ⨏
M
α 
⨏
M
ig,∗ i
!
g(α) 
∑
X
⨏
M
iX,∗ i
!
g(α).
Proposition 6.2.3(ii) now yields
⨏
M
α 
∑
X
⨏
X
i!g(α). QED
This immediately gives a foliated version of the Duistermaat-Heckman for-
mula [13], where we consider the case of a transverse symplectic form, i.e. a closed
basic 2-form ω ∈ Ω2(M,F ) which is nondegenerate on the normal bundle NF .
Then the codimension q  2n of F is even. Suppose that the transverse g-action
is Hamiltonian with moment map Φ : M → g∗. Then the equivariant transverse
symplectic form ωg  ω + Φ is g-equivariant and F -basic. The fixed-leaf compo-
nents X are transversely symplectic of dimension 2nX , and the moment map has
a constant value ΦX on X. Applying the integration formula Theorem 6.3.2 to the
form α  exp(ωg) gives the following result.
6.3.3.Theorem. Suppose that (M,F ) is transversely compact and transversely symplec-
tic. Suppose that g is abelian and that the transverse g-action is Hamiltonian with moment
map Φ : M → g∗. Then ⨏
M
eΦ
ωn
n!

∑
X
eΦX
⨏
X
η−1X ∧
ωnX
nX !
.
See [18] for a different take on the foliated Duistermaat-Heckman theorem.
Appendix A. Cartan-Chern-Weil theory
This appendix is a summaryof the algebraic principles ofH.Cartan’s equivariant
de Rham theory [10]. We follow the exposition of [17], [1] and [15]. This material
is mostly standard, but we state a few results, such as Theorems A.5.1 and A.6.3,
under weaker hypotheses than our references.
The action of a Lie algebra g on a manifold induces two actions on differential
forms, namely through Lie derivatives and through contractions, and these actions
intertwine in a distinctive way with each other and with the exterior derivative.
These features are abstracted in the notion of a graded g˜-module. One such mod-
ule is the Weil algebra Wg, which models the de Rham complex of a universal
bundle EG , where G is a Lie group with Lie algebra g. A key feature of the theory
is a convenient criterion for the equivariant cohomology of a graded g˜-module to
be isomorphic to its basic cohomology, namely Theorem A.5.1 and its equivari-
ant analogue Theorem A.6.3. This criterion asks whether the g˜-module structure
extends to a compatible Wg-module structure. Such a Wg-module structure en-
ables an algebraic version of Chern and Weil’s connection-curvature construction
of characteristic forms.
In this section we place ourselves in the category of Z-graded vector spaces
over a field F of characteristic 0. An ungraded object is considered as a graded
object concentrated in degree 0. “Module”means “gradedmodule”, “dual”means
“gradeddual”, “commutative”means “graded commutative”, “derivation”means
“graded derivation”, etc. Tensor products are taken over F and equipped with
the total grading. Our complexes will be cochain complexes. We denote the
translation functor on graded objects by [r]. So if (C, d) is a cochain complex we
have C[r]i  Ci+r and d[r]  (−1)rd.
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A.1. The Lie algebra g˜. Let g be a finite-dimensional Lie algebra over F (placed in
degree 0). Define the (graded) vector space g˜ by
g˜  g[1] ⊕ g ⊕ F[−1],
i.e. place copies of g in degrees −1 and 0 and a copy of F in degree 1. For ξ ∈ g
denote the corresponding element of g[1] by ι(ξ) and the corresponding element
of g[0] by L(ξ). Denote the basis element of F[−1] corresponding to 1 ∈ F by d. The
conditions
(A.1.1)
[ι(ξ), ι(η)]  0, [L(ξ), L(η)]  L([ξ, η]), [d , d]  0,
[L(ξ), d]  0, [ι(ξ), d]  L(ξ), [L(ξ), ι(η)]  ι([ξ, η])
for all ξ, η ∈ g determine a bilinear bracket on g˜ which makes g˜ a (graded) Lie
algebra. As for any Lie (graded) algebra, we can talk about (graded) modules and
algebras over g˜.
A.2. g˜-modules. A (graded) g˜-module is nothing but a (graded) vector space M
equippedwith anendomorphism d of degree 1 and, for each ξ ∈ g, endomorphisms
ι(ξ) of degree −1 and L(ξ) of degree 0, which depend linearly on ξ and satisfy the
commutation rules (A.1.1). In particular, the rule [L(ξ), L(η)]  L([ξ, η]) means
that a g˜-moduleM is a g-module, and the rule d2  12 [d , d]  0 means thatM is a
differential g-module, i.e. a cochain complex of g-representations.
LetM be a g˜-module. An element m ofM is g-invariant if L(ξ)m  0 for all ξ ∈ g,
g-horizontal if ι(ξ)m  0 for all ξ ∈ g, and g-basic if it is g-invariant and g-horizontal.
We denote by
Mg , Mg-hor Mhor, Mg-bas Mbas M
g ∩Mhor
the subspaces ofM consisting of invariant, horizontal and basic elements, respec-
tively. The subspaces Mg and Mg-bas are g˜-submodules of M. The g-basic coho-
mology of M is the vector space Hg-bas(M)  H(Mg-bas , d). A g˜-homotopy between
two degree 0 morphisms of g˜-modules f0, f1 : M → M′ is a degree −1 linear map
F : M→M′[−1] satisfying
[ι(ξ), F]  0, [L(ξ), F]  0, [d , F]  f1 − f0
for all ξ ∈ g. Two g˜-homotopic morphisms f0 and f1 induce the same maps
in cohomology H( f0)  H( f1) : H(M) → H(M′) as well as in basic cohomology
Hbas( f0)  Hbas( f1) : Hbas(M) → Hbas(M
′).
A.3. g˜-algebras. A g˜-algebra is a g˜-modulewhich is also analgebra, always assumed
to be unitary, associative and graded, onwhich the operators d, L(ξ) and ι(ξ) act as
(graded) derivations. The basic complex of a g˜-algebra is a differential subalgebra,
so the basic cohomology is an F-algebra.
The algebra of F-linear endomorphisms E  End(M) of a g˜-module M is
a g˜-algebra. The basic subalgebra of E is Ebas  Endg˜(M), the algebra of g˜-
endomorphisms ofM.
Let A be a g˜-algebra. By an A-module we mean an A-module M in the category
of g˜-modules. So M is also equipped with a g˜-module structure with the property
that the multiplication map A ⊗ M → M is g˜-equivariant, i.e. γ(am)  γ(a)m +
(−1)|γ| |a |aγ(m) for all homogeneous γ ∈ g˜, a ∈ A and m ∈M.
36 YI LIN AND REYER SJAMAAR
We say that A is locally free if it admits a connection, i.e. a linear map θ : g∗ → A1
satisfying
ι(ξ)(θ(x))  〈ξ, x〉 ∈ A0 and L(ξ)(θ(x))  −θ(ad∗(ξ)x)
for all ξ ∈ g and x ∈ g∗. It is useful to reformulate this notion as follows. Let Vg be
the vector space g˜[1]∗  g[2]∗ ⊕ g[1]∗ ⊕ F[0]. For x ∈ g∗ denote the corresponding
element of g[1]∗ by ϑ(x) and the corresponding element of g[2]∗ by Ûϑ(x). Denote
the degree 0 element corresponding to 1 ∈ F by z. The rules
ι(ξ)ϑ(x)  〈ξ, x〉, L(ξ)ϑ(x)  −ϑ(ad∗(ξ)x), dϑ(x)  Ûϑ(x),(A.3.1)
ι(ξ) Ûϑ(x)  −ϑ(ad∗(ξ)x), L(ξ) Ûϑ(x)  − Ûϑ(ad∗(ξ)x), d Ûϑ(x)  0,(A.3.2)
ι(ξ)z  0, L(ξ)z  0, dz  0(A.3.3)
for all ξ ∈ g and x ∈ g∗ determine a structure of g˜-module on Vg. Here 〈ξ, x〉 ∈
F ⊆ A0 denotes the dual pairing. The ϑ(x) are the connection elements of Vg. These
rules ensure that a connection on A is equivalent to a degree 0 homomorphism of
g˜-modules θ : Vg → A satisfying θ(z)  1. We call a connection θ commutative if
the image θ(Vg) generates a commutative subalgebra of A.
A typical example of a locally free g˜-algebra is A  Ω(P), the de Rham complex
of a principal G-bundle P, where G is any Lie group with Lie algebra g. Typical
examples ofA-modules areM  Ωc(P), the compactly supporteddeRhamcomplex
of P, and M  Ω(P, E), the de Rham complex with coefficients in an equivariant
flat vector bundle E over P.
A.4. The Weil algebra. Let S(Vg)  S(g˜[1]∗) be the (graded) symmetric algebra of
Vg, equipped with the commutative g˜-algebra structure induced by the g˜-module
structure onVg. TheWeil algebra of g is the commutative g˜-algebraWg  S(Vg)/(z−
1), where (z − 1) is the ideal generated by z − 1. The inclusion θuni : Vg→Wg is a
connectiononWg called theuniversalor tautological connection. TheWeil algebra has
the following universal property: every commutative connection θ on a g˜-algebra
A is of the form θ  cθ ◦ θuni for a unique g˜-algebra homomorphism cθ : Wg→ A,
as in the diagram
Vg A
Wg
←→θuni
←
→
θ
← →
cθ
(We have no need here of the noncommutative connections and noncommutative
Weil algebra of [1].) We call cθ the characteristic homomorphism of the connection.
Any two connections on a principal bundle are homotopic. See [1, Proposition 3.1]
for the following algebraic counterpart of this fact. We review the proof, which
is formally identical to the construction of homotopies in de Rham theory (see
Corollary B.5), because we will later use the formula for the homotopy.
A.4.1.Proposition. Let θ0 and θ1 be commutative connections on a g˜-algebraA. Suppose
that θ0 and θ1 commute in the sense that [θ0(v0), θ1(v1)]  0 for all v0, v1 ∈ Vg. Then
the characteristic homomorphisms cθ0 and cθ1 are g˜-homotopic.
Proof. The graded line is the Koszul differential algebra S  S(F[−2] ⊕ F[−1]) of F.
Let s ∈ F[−2] and Ûs ∈ F[−1] be the two elements corresponding to the identity
1 ∈ F. The Koszul differential is given on generators by ds  Ûs and d Ûs  0. For
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each a ∈ F the evaluation map is the F-linear functional eva : S → F defined on
basis elements by eva(sk )  ak and ev(sk Ûs)  0. We often write f (a) instead of
eva( f ). The integral is the F-linear functional J 
∫ 1
0
: S → F defined by J(sk)  0
and J(sk Ûs)  1/(k + 1). These functionals are not homogeneous with respect to the
Z-grading, but with respect to the Z/2Z-grading: eva is even and J is odd. They
satisfy the “fundamental theorem of calculus” Jd f  f (1) − f (0) for f ∈ S. They
extend A-linearly to functionals
eva  eva ⊗ idA, J  J ⊗ idA : S ⊗ A→ A.
The functionals eva are morphisms of g˜-modules and the functional J satisfies
[ι(ξ), J]  [L(ξ), J]  0 for all ξ ∈ g. The fundamental theorem of calculus for
α ∈ S⊗A says that Jdα  α(1)−α(0)− dJα, i.e. [d , J]  ev1 − ev0. Thus (the degree
−1 component of) J is a g˜-homotopy from ev0 to ev1. The g˜-algebra S ⊗ A has a
commutative connection θ defined by θ(x)  (1−s)⊗θ0+s⊗θ1 with corresponding
characteristic homomorphism cθ : Wg → S ⊗ A. The operator J ◦ cθ : Wg → A is
then a g˜-homotopy from cθ0 to cθ1 . QED
A few words about the structure of the Weil algebra. The connection elements
ϑ(x) ∈ g[1]∗ ⊆ Wg are of degree 1. The map ϑ : g∗ ֒→ Vg defined by x 7→ ϑ(x)
extends to an algebra homomorphism ϑ : Λg∗  S(g[1]∗) ֒→ Wg. Similarly the
map Ûϑ : g∗ ֒→ Vg defined by x 7→ Ûϑ(x) extends to an algebra homomorphism
Ûϑ : Sg∗  S(g[2]∗) ֒→ Wg. The degree 2 elements Ûϑ(x) ∈ g[2]∗ ⊆ Wg are not
horizontal (see (A.3.2)), but the curvature elements µ(x)  Ûϑ(x) + 12ϑ(λ(x)) ∈ Wg
are, where λ : g∗ → Λ2g∗ is the map dual to the Lie bracket. The map µ : g∗ → Wg
which sends x to µ(x) extends to an algebra morphism µ : Sg∗  S(g[2]∗) ֒→ Wg.
See e.g. [17, Ch. 3] or [1, § 3] for the following statement.
A.4.2. Proposition. (i) The homomorphism ϑ ⊗ Ûϑ : S(g[2] ⊕ g[1])∗ → Wg is an
isomorphism of algebras. In terms of the generators ϑ(x) and Ûϑ(x) the g˜-structure
equations ofWg are given by (A.3.1)–(A.3.2). In particular, as a complexWg is
isomorphic to the Koszul complex of g∗ and is therefore null-homotopic.
(ii) The homomorphism ϑ ⊗ µ : S(g[2] ⊕ g[1])∗ → Wg is also an isomorphism of
algebras. The image of the homomorphism µ : S(g[2]∗) → Wg is the horizontal
subalgebra (Wg)hor. In terms of the generators ϑ(x) and µ(x) the g˜-structure
equations ofWg read as follows:
ι(ξ)ϑ(x)  〈ξ, x〉, L(ξ)ϑ(x)  −ϑ(ad∗(ξ)x), dϑ(x) 
1
2
dCEϑ(x) + µ(x),
ι(ξ)µ(x)  0, L(ξ)µ(x)  −µ(ad∗(ξ)x), dµ(x)  dCEµ(x).
(iii) The isomorphism µ : S(g[2]∗) → (Wg)hor induces an isomorphism S(g[2]∗)g 
(Wg)bas. The restriction of the differential dWg to (Wg)bas is 0, so Hbas(Wg) 
S(g[2]∗)g.
Here dCE denotes the differential onWg viewed as the Cartan-Eilenberg complex
Λg∗ ⊗ Sg∗ of the g-module Sg∗. This differential sends x ∈ Λ1g∗ to −λ(x) ∈ Λ2g∗ and
x ∈ S1g∗ to the element ofΛ1g∗⊗ S1g∗  Hom(g, S1g∗) given by dCE(x)(ξ)  L(ξ)(x).
The formulas for dϑ and dµ are the Cartan-Bianchi identities.
Let M be a g˜-module. Suppose that the algebra of F-linear endomorphisms
E  End(M) admits a commutative connection θ. Then the characteristic map
cθ : Wg → E defines a g˜-linear multiplication law Wg ⊗M → M on M. In other
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words aWg-module structure onM is nothing but a commutative connection θ on
its endomorphism algebra. With this in mind we denote the multiplication law of
aWg-moduleM by
Cθ : Wg ⊗M −→M : w ⊗ m 7−→ cθ(w)m
and call it theCartan-Chern-Weil homomorphismofM. It is amorphism of g˜-modules
and therefore induces a morphism of complexes
(Wg ⊗M)bas −→Mbas
and of graded vector spaces Hbas(Wg ⊗M) → Hbas(M).
A.5. Equivariant cohomology. Let M be a g˜-module. The Weil complex of M is
Mg  (Wg ⊗M)bas, the basic complex of the g˜-moduleWg ⊗M, the differential of
which we denote by dg. The cohomology of the Weil complex Hg(M)  H(Mg) is
the equivariant cohomology of M. A morphism of g˜-modules f : M → M′ induces
a morphism in equivariant cohomology f∗ : Hg(M) → Hg(M′). Two g˜-homotopic
morphisms induce the same map in equivariant cohomology.
For the trivial 1-dimensional g˜-moduleM  F we have (Wg ⊗ F)bas  (Wg)bas 
S(g[2]∗)g, so Hg(F)  S(g[2]∗)g. For an arbitrary trivial g˜-moduleM we have (Wg ⊗
M)bas  (Wg)bas ⊗M with dg  id ⊗ dM, so Hg(M)  S(g[2]∗)g ⊗ H(M).
The map M → Wg ⊗M sending m to 1 ⊗ m is a morphism of g˜-modules and
therefore restricts to an injective morphism of complexes Mbas → (Wg ⊗ M)bas,
which induces a map Hbas(M) → Hg(M). The latter map is in general neither
injective nor surjective.
Suppose however that the g˜-module structure on M extends to a Wg-module
structure with multiplication map Cθ : Wg⊗M→M (where θ is the commutative
connection on the endomorphism algebra End(M) that defines the Wg-module
structure on M). For our purposes the following statement, which is a variant
of [17, Theorem 5.2.1] and [1, Proposition 3.2], is the main point of Cartan-Chern-
Weil theory. Note the absence of any hypotheses on the Lie algebra g. In particular
g need not be reductive, nor isM required to be semisimple as a g-module.
A.5.1.Theorem. LetM be aWg-module. The Cartan-Chern-Weil map Cθ : Wg ⊗M→
M is a g˜-homotopy inverse of the inclusion j : M → Wg ⊗M. Therefore j restricts to a
homotopy equivalenceMbas
≃
−→Mg and induces an isomorphism Hbas(M)

−→ Hg(M).
Proof. We have Cθ( j(m))  Cθ(1 ⊗ m)  m for m ∈ M, so Cθ ◦ j  idM. Next we
show that the map h1  j ◦ Cθ is g˜-homotopic to the identity map h0  idWg⊗M.
We have
h1(w ⊗ m)  j(Cθ(w ⊗ m))  j(cθ(w)m)  1 ⊗ cθ(w)m
for w ∈ Wg and m ∈ M. Let D be the algebra End(Wg ⊗M) and define g˜-algebra
homomorphisms f0, f1 : Wg→ D by
f0(v)(w ⊗ m)  vw ⊗ m , f1(v)(w ⊗ m)  (−1)
|v | |w |w ⊗ cθ(v)m
for v, w ∈Wg and m ∈ M. Then
(A.5.2)
f0(v)(1 ⊗ m)  v ⊗ m  h0(v ⊗ m),
f1(v)(1 ⊗ m)  1 ⊗ cθ(v)m  h1(v ⊗ m).
We have [ f0(v0), f1(v1)]  0 for all v0, v1 ∈ Wg, so the maps f0 and f1 are the
characteristic homomorphisms of a commutating pair of connections θ0 and θ1
LOCALIZATION FOR TRANSVERSE LIE ALGEBRA ACTIONS ON RIEMANNIAN FOLIATIONS 39
D. Proposition A.4.1 gives us a g˜-homotopy F : Wg → D[−1] satisfying f1 − f0 
[d , F]. This homotopy is given by F(v) 
∫ 1
0
cΘ(v) for v ∈Wg, and cΘ : Wg→ S⊗D
is the characteristic homomorphism of the connection Θ(x)  (1 − s) ⊗ θ0 + s ⊗ θ1
on S ⊗ D. Using (A.5.2) we obtain that h1 − h0  [d , H], where H : Wg ⊗ M →
(Wg ⊗M)[−1] is the g˜-homotopy given by
H(w ⊗ m)  F(w)(1 ⊗ m) 
(∫ 1
0
cΘ(w)
)
(1 ⊗ m)
for w ∈Wg and m ∈M. QED
A.6. Change of Lie algebra. A Lie algebra homomorphism h → g induces a ho-
momorphism h˜ → g˜ and hence a pullback functor from g˜-modules to h˜-modules.
IfM is a g˜-module we have natural maps
Mg −→Mh , Mg-hor −→Mh-hor , Mg-bas −→Mh-bas , Mg −→Mh ,
and hence maps in basic cohomology Hg-bas(M) → Hh-bas(M) and in equivariant
cohomology Hg(M) → Hh(M). If M is an h˜-module and the morphism h → g is
surjective with kernel k, then on the subcomplex Mk-bas the operations L(η) and
ι(η) for η ∈ k are trivial, soMk-bas is in a natural way a g˜-module, and we have
(A.6.1) Mh-bas  (Mk-bas)g-bas.
This implies Hh-bas(M)  Hg-bas(Mk-bas). In the case of a product of Lie algebras we
have the following simple statement about the Weil complex ofM.
A.6.2. Lemma. Let h  k × g be the product of two Lie algebras k and g.
(i) Wh is isomorphic toWk ⊗Wg as an h˜  k˜ × g˜-algebra.
(ii) Let M be an h˜-module. The k-Weil complex Mk is a g˜-module and the h-Weil
complex Mh is isomorphic to (Mk)g as an h˜-module. It follows that Hh(M) 
Hg(Mk).
Proof. (i) The product of the universal connections k∗ → Wk and g∗ → Wg is a
connection h∗ → Wk ⊗ Wg and therefore induces an h˜-algebra homomorphism
φ : Wh → Wk ⊗ Wg. The projections h → k and h → g induce two connections
k∗ →Wh and g∗ →Wh, and hence algebra maps ψk : Wk →Wh and ψgWg→ Wh.
The map ψ : Wk ⊗Wg→Wh given by ψ(v ⊗ w)  ψk(v)ψg(w) is the inverse of φ.
(ii) The algebraWk is trivial as a g˜-module and the g˜-operations onM commute
with the k˜-operations, soMk  (Wk ⊗M)k-bas is a g˜-module. It follows from (A.6.1)
and from (i) that we have an isomorphism of complexes
Mh  (Wh ⊗M)h-bas 
(
(Wg ⊗Wk ⊗M)k-bas
)
g-bas  (Mk)g.
Therefore Hh(M) is isomorphic to Hg(Mk). QED
LetM be an h-module and E  End(M) its algebra of endomorphisms. Suppose
that E is locally free as a k˜-module, so that it has a k-connection θ : k∗ → E1. We say
that the connection θ is g-invariant if θ(y) ∈ E is g-invariant for all y ∈ k∗. Similarly,
θ is g-horizontal if θ(y) is g-horizontal for all y ∈ k∗; and θ is g-basic if θ(y) is g-basic
for all y ∈ k∗. Define
ιθ : k
∗ −→ g[1]∗ ⊗ E0  Hom(g[1], E0)
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by ιθ(y)(ξ)  −ι(ξ)θ(y) for ξ ∈ g and y ∈ k∗. Berline and Vergne’s [5] g-equivariant
extension of the connection θ is the entity
θg : k
∗ −→ (Wg ⊗ E)1  F ⊗ E1 ⊕ g[1]∗ ⊗ E0
defined by θg  θ+ ιθ. This terminology is justified by the next theorem, which is a
g-equivariant version of TheoremA.5.1. This theorem refines the earlier results [17,
§ 4.6] and [15, Proposition 3.9] in twoways: it is valid for arbitraryLie algebras k and
g, and the cohomology isomorphism is given by an explicit homotopy equivalence.
A.6.3. Theorem. Let h  k × g be the product of two Lie algebras k and g. Let M be an
h˜-module. Suppose that there exists a g-invariant connection θ : k∗ → E1 on the k˜-algebra
E  End(M).
(i) The g-equivariant extension θg  θ + ιθ is a g-basic connection on the k˜-algebra
Eg Wg ⊗ E.
(ii) Suppose that the connection θg is commutative. Let cg,θ : Wk → Eg be the
characteristic homomorphism and
Cg,θ : Wh ⊗M Wk ⊗Wg ⊗M −→Wg ⊗M
the Cartan-Chern-Weil map associated with θg. Then Cg,θ is an h˜-homotopy
inverse of the inclusion j : Wg ⊗ M −→ Wh ⊗ M. It follows that j in-
duces a homotopy equivalence (Mk-bas)g
≃
−→ Mh and hence an isomorphism
Hg(Mk-bas)

−→ Hh(M).
Proof. (i) Let η ∈ k, y ∈ k∗ and ξ, ξ′ ∈ g. Then
ι(η)ιθ(y)(ξ)  −ι(η)ι(ξ)θ(y)  ι(ξ)〈η, y〉  0,
because the derivation ι(ξ) of E kills the scalar 〈η, y〉. It follows that ι(η)θg(y) 
ι(η)θ(y)  〈η, y〉. Similarly,
L(η)ιθ(ξ)  −L(η)ι(ξ)θ(y)  −ι(ξ)L(η)θ(y)  ι(ξ)θ(ad
∗(η)y)  −ιθ(ad
∗(η)y)(ξ),
because [ξ, η]  0. Therefore
L(η)θg(y)  L(η)θ(y) + L(η)ιθ(y)  −θ(ad
∗(η)y) − ιθ(ad
∗(η)y)  −θg(ad
∗(η)y).
This proves that θg is a connection. Next we have
(L(ξ)ιθ(y))(ξ
′)  L(ξ)(ιθ(y)(ξ
′)) − ιθ(y)(L(ξ)ξ
′)
 −L(ξ)ι(ξ′)θ(y) − ιθ(y)([ξ, ξ
′])
 −ι(ξ′)L(ξ)θ(y) − ι([ξ, ξ′])θ(y) + ι([ξ, ξ′])θ(y)
 0,
from which it follows that L(ξ)θg(y)  L(ξ)θg(y) + L(ξ)ιθ(y)  0. So θg is g-
invariant. The identity ι(ξ)θg(y)  ι(ξ)θ(y) − ι(ξ)θ(y)  0 shows that θg is
g-horizontal.
(ii) Because θg is a k-connection, the maps cg,θ and Cg,θ are k˜-module homomor-
phisms. To see that they are h˜-module homomorphisms we must show that for all
v ∈ Wk the element cg,θ(v) ∈ Eg is annihilated by L(ξ) and ι(ξ) for all ξ ∈ g. It is
enough to check this for the generators v  ϑ(y) and v  Ûϑ(y) ofWk for y ∈ k∗. But
the elements ϑ(y) and Ûϑ(y) act on Eg through multiplication by θg(y) and dθg(y).
By (i) the latter elements are g-basic, so they are annihilated by L(ξ) and ι(ξ). Thus
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cg,θ and Cg,θ are h˜-module homomorphisms. It follows from Theorem A.5.1 that
Cg,θ is a k˜-homotopy inverse of the inclusion j. According to the proof of that
theorem a k˜-homotopy from the identity map ofWh ⊗M to j ◦ Cg,θ is given by
(A.6.4) H(v ⊗ w ⊗ m) 
(∫ 1
0
cΘ(v)
)
(1 ⊗ w ⊗ m)
for v ∈ Wk, w ∈ Wg and m ∈ M. The quantity cΘ : Wk → S ⊗ D in this formula is
the characteristic homomorphism of the connectionΘ(x)  (1− s) ⊗ θ0 + s ⊗ θ1 on
the algebra S ⊗D, whereD  End(Wh ⊗M). Here θ0 and θ1 are the k-connections
onD determined by the following algebra homomorphisms f0, f1 : Wk → D:
f0(u)(v ⊗ w ⊗ m)  uv ⊗ w ⊗ m ,
f1(u)(v ⊗ w ⊗ m)  (−1)
|u | |v |v ⊗ cg,θ(u)(w ⊗ m)
for u, v ∈Wk, w ∈Wg and m ∈M. The connection θ0 is the universal k-connection
k∗ →Wk pulled back toWh ⊗M Wk ⊗Wg ⊗M and so is g-basic. The connection
θ1 is g-basic by (i). Therefore Θ is g-basic. The graded line S is a trivial g˜-module
and the functional
∫ 1
0
: S⊗D→ D commutes with the operations ι(ξ) and L(ξ) for
ξ ∈ g. It follows that the map H defined in (A.6.4) commutes with ι(ξ) and L(ξ).
We conclude that the k˜-homotopy H is an h˜-homotopy. QED
Under the assumptions of the theorem we call the map Cg,θ the g-equivariant
Cartan-Chern-Weil homomorphism defined by the connection θ. The hypothesis that
θg should be commutative is satisfied in all our applications, but one can extend
Theorem A.6.3 to noncommutative connections by resorting to the noncommuta-
tive Weil algebra of [1].
In the special case where M  A is a commutative h˜-algebra equipped with a
g-invariant k-connection θ, we have a g-equivariant characteristic homomorphism
cg,θ : Wk→Wg ⊗ A.
Taking h-basics and applying Lemma A.6.2(ii) gives an algebra homomorphism
(A.6.5) cg,θ : S(k[2]∗)k → (Ak-bas)g.
Taking cohomology then gives an algebra homomorphism that is independent of
the connection,
(A.6.6) cg : S(k[2]∗)k → Hg(Ak-bas).
The maps (A.6.5) and (A.6.6) are also referred to as g-equivariant characteristic
homomorphisms.
A.7. Group versus algebra. Let F  R or C and let G be a Lie group with Lie
algebra g. Let M be a g˜-module and suppose that G acts linearly on M in a
way which is compatible with the g˜-module structure in the sense of [17, § 3.2.1].
(For this to make sense we must assume either that the G-module M is locally
finite, or that M has a complete Hausdorff locally convex topology in which the
function G → M defined by g 7→ gm is smooth for every m ∈ M.) The G-basic
complex of M is the set of g-horizontal G-fixed vectors, MG-bas  Mg-hor ∩ MG .
The G-basic cohomology is HG-bas(M)  H(MG-bas). The G-equivariant cohomology is
HG(M)  H((Wg ⊗M)G-bas).
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A.7.1. Lemma. Suppose that G has finitely many components. Let Π  π0(G) be
the component group of G and let M be a g˜-module with a compatible G-action. Then
HG-bas(M)  Hg-bas(M)
Π and HG(M)  Hg(M)Π.
Proof. We have MG-bas  (Mg-bas)Π. The group Π being finite, a simple averaging
argument shows that H
(
(Mg-bas)
Π
)
 H(Mg-bas)
Π, which proves the first assertion.
The second assertion follows immediately. QED
Appendix B. Fibre integration
By integrating a differential form along the fibres of a submersion one obtains
a form of lower degree on the base manifold. We review a few properties of this
exceedingly useful process. Let π : E → B be a smooth oriented locally trivial fibre
bundle with fibre F. The base B and the fibre F are allowed to have a boundary.
Let r be the dimension of F. Fibre integration or pushforward is a map
π∗ : Ωcv(E)[r] −→ Ω(B),
which is uniquely determined by the requirement that it satisfy the projection
formula
(B.1) π∗(β ∧ π∗α)  π∗β ∧ α
for all α ∈ Ω(B) and β ∈ Ωcv(E). The subscript “cv” indicates vertically compactly
supported forms; see § 4.2. For existence and uniqueness of π∗ see e.g. [29, § 13], [6,
§ 6], or [17, § 10.1]. We have chosen this definition, which agrees with that of [29],
but differs by a sign from that of [6] and [17], so as to comply with the Koszul sign
rule. The projection formula is equivalent to π∗(π∗α ∧ β)  (−1)rkα ∧ π∗β, where k
is the degree of α. In other words
[π∗ , l(α)]  0,
where l(α) denotes left multiplication by α on Ω(B) and left multiplication by π∗α
onΩcv(E), and [π∗ , l(α)] denotes the (graded) commutator of π∗ and l(α). Thus π∗
is a degree −r morphism of leftΩ(B)-modules.
The proof of the next lemma is a routine verification based on the projection
formula. In part (ii)we denote byE∂ themanifoldE∂ 
⋃
b∈B ∂Eb, which is a bundle
over B with fibre ∂F and projection π∂  π|E∂ . (If the base B has no boundary, then
E∂  ∂E.)
B.2. Lemma. (i) For every pair of π-related vector fields v ∈ X(B) and w ∈ X(E)
we have L(v) ◦ π∗  π∗ ◦ L(w) and ι(v) ◦ π∗  (−1)rπ∗ ◦ ι(w).
(ii) Let π∂∗ : Ωcv(E
∂)[r − 1] → Ω(B) denote fibre integration for π∂ : E∂ → B. Then
[π∗ , d]  π∂∗ .
(iii) A pullback diagram of oriented fibre bundles
E2 E1
B2 B1
←
→
fE
←→π2 ←→ π1
←
→
fB
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induces a commutative diagram
Ωcv(E2)[r] Ωcv(E1)[r]
Ω(B2) Ω(B1).
←→π2,∗
←
→
f ∗E
←→ π1,∗
←
→
f ∗B
We spell out some consequences of part (ii). First, if the fibre has no boundary,
fibre integration commutes with the differential. See §A.2 for the notion of a
g˜-module, a g˜-morphism and a g˜-homotopy.
B.3. Corollary. If ∂F  ∅, then π∗ : Ωcv(E)[r] → Ω∗(B) is a morphism of cochain
complexes of degree −r. If in addition the bundle E → B is equivariant with respect to the
action of a Lie algebra g on E and B, then π∗ is a degree −r morphism of g˜-modules.
If on the other hand E is the cylinder [0, 1] × B, then the bundle E∂ consists of
two copies E0 and E1 of E, and π∂∗ β  β |E1 − β |E0 .
B.4. Corollary. Let E  [0, 1] × B. Let it : B → E be the embedding it(b)  (t , b) and
i∗t : Ω(E) → Ω(B) the induced morphism. Then we have the cylinder formula i
∗
1 − i
∗
0 
dπ∗ + π∗d. If a Lie algebra g acts on B, then π∗ is a g˜-homotopy.
Substituting a homotopy of maps into the cylinder formula gives the homotopy
formula.
B.5. Corollary. Let h : [0, 1] × B1 → B2 be a smooth homotopy. Let ht(b)  h(t , b) and
let π : [0, 1] × B1 → B1 be the projection. Then π∗h∗ : Ω(B2)[1] → Ω(B1) is a cochain
homotopy: h∗1 − h
∗
0  dπ∗h
∗
+ π∗h∗d. If h is equivariant with respect to a Lie algebra g
acting on B1 and B2, then π∗h∗ is a g˜-homotopy.
Appendix C. Notation index
[·], translation functor, 34
∇F , partial connection of foliation, 4
∼ f , f -relation between vector fields, 3
A, g˜-algebra, 35
Aut(M,F ), automorphism group, 3
C , centralizer sheaf of M, 12
c, compact supports, 21
c, centralizer bundle of M, 13
c ⋉F , centralizer Lie algebroid of M, 13
ct, transversely compact supports, 30
Cθ , Cartan-Chern-Weil homomorphism,
38
cθ , characteristic homomorphism, 36
Cg,θ , g-equivariant Cartan-Chern-Weil ho-
momorphism, 40
cg,θ, g-equivariant characteristic homomor-
phism, 40
Cˇg(U ), g-equivariant F -basic Čech-de
Rham complex, 16
cv, vertically compact supports, 20
ηg , g-equivariant basic Euler form, 23
(E,FE), foliated vector bundle over M, 19
Endg˜(M), g˜-endomorphism algebra, 35
Eulerg , g-equivariant basic Euler class, 23
F , foliation, 3
F , closure of Riemannian foliation, 10
F (x), leaf of x, 3
F(x), leaf closure of x, 12
G, Lie group, 4
g, Lie algebra, 4
Γ, smooth global sections of bundle, 3
g ⋉F , transverse action Lie algebroid, 5
gK , normalized bi-invariant Riemannian
metric on K, 9
gk , inner product on k induced by gK , 9
g˜, graded extension of g, 35
Hg , g-equivariant cohomology, 38
Hg-bas, g-basic cohomology, 35
ι, contraction, 35
Inn(M,F ), inner automorphism group, 3
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K, Lie group, oftenO(r), 7
K0 , identity component of K, 8
K(M/F , g), transverse Killing vector fields
on M, 10
K(M,F , g), Killing vector fields on M, 10
Λg∗, alternating algebra of g, 37
L, Lie derivative, 35
µ, curvature, 37
(M,F ), foliated manifold, 3
(M,F , g), Riemannian foliated manifold, 9
Mg, fixed-leaf manifold, 5
M, g˜-module, 35
Mg, g-invariants, 35
Mg-bas, g-basics, 35
Mg-hor, g-horizontals, 35
Mon(F ), monodromy groupoid, 5
NF , normal bundle of F , 3
N f , normal derivative of foliate map f , 3
NM X, normal bundle of submanifold X, 14
Ω(M,F ), basic de Rham complex, 6
Ωg(M,F ), equivariant basic de Rham com-
plex, 6
Out(M,F ), outer automorphism group, 3
P, Molino bibundle, 10
π, Molino bibundle projection, 10
π† , natural lifting homomorphism, 10
π∗, fibre integration, 42
̺, Molino bibundle projection, 10
̺†, natural descent homomorphism, 10
σ, solder form, 11
Sg∗, symmetric algebra of g, 37
stab(a , x), stabilizer Lie algebra of x with
respect to Lie algebroid a, 5
τg , g-equivariant basic Thom form, 19
θ, connection, 36
θg, g-equivariant connection, 40
θLC, transverse Levi-Civita connection, 11
θuni, universal connection, 36
TF , tangent bundle of F , 3
TxF , tangent space to leaf at x, 3
Thomg , g-equivariant basic Thom class, 19
W , Molino manifold, 10
Wg, Weil algebra of g, 36
ξM , transverse vector field induced by ξ ∈
g, 4
X(F ), vector fields tangent to F , 3
X(M), vector fields on M, 3
X(M/F ), transverse vector fields on M, 3
X(M,F ), foliate vector fields on M, 3
ζ, zero section, 19
ζ∗, Thom map, 19
Dimensions and ranks
dim(M)  m
codimM(F )  q
rank(c)  r
dim(K)  12 q(q − 1)
dim(P)  m + 12 q(q − 1)
dim(W)  12 q(q + 1) − r
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